
crossproductsandAntisymytric.TO

•⑧ Consider the torque
a

Y . The torque
"

lives" in the x- y
- plane .

But "points
"
in the

X
i z - direction . This motivatesjif the following association

>

t

• For every vector J - Vaea there is
an associated anti - symmetric tensor V

~
'✓
ab

÷ Eabc ✓ "
L math people
call J the

and the inverse
"

hodge - dual
" off

relation

Va = I [
abc j

z
be

"

er
. ÷÷÷÷÷H¥÷i÷:L

So for torque E×y=tZ !
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• Antisymmetric tensors express the
cross product naturally ;

Tx Tv = Eabcvawb e- c

r - c
= Wb v e

be

ii. e-

o%÷::n÷ order

*• This is very common in physics; e.g .

q
B A magnetic field in the

2- direction
"

lives" in the

1-7
Xy plane

¥ I = Txt

Bt = 2. Ay - 2yA×
= ⑤

+ y
to
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below

• We will show#hat I is anti - symmetric

• We derived for T - rata :

ddi = ra Dab Eb

This is what we called tow
,
which

is naturally expressed as a crossproduct
F. To = ioxr

.

So

* dad't = ioxr

• Finally since I was an arbitrary fixed
vector we can apply IA to the basis

vectors

ddI;=B or dqeIa=^wab
→

i:÷i:'re :
"

""

÷::n÷÷
..
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Be If the components of F are not fixed,
Fct ) = rattle act ), then :iexeadrldt

= (draldt tea trade a Idt

d=ld÷)r+iox
Here (dildo ) , Ira Ea , is the derivative

"
in "

d- t the rotating frame
.

• To is the generates infinitesimal
rotations

.

→ -

dq§a = Iab Eb ⇒ Eacttot ) = eat Jabot eb

So
→

ealttot ) = ( I twotlabeblt )
-

Thus the matrix I twot takes
the basis at t

,
and rotates it to

t t Ot
.
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• Proof that J is Anti Symmetric

since RRT = I or Rab Rab = Sac
we have

Rab Rab t Rab pics = O

Wac t Wea ' O ⇒ Wac = - Wca

We used that
←
RTs R
"

Pia , Reb = Pia, ( RT )ya = (BR' ' )
.
Wac
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•• Aside:

dat s (dja Sab trawab ) Eb
^ (t)I ( Dtr ) b Eb Wab is

The combination is : [
the "connection

"

( Dtr ) b s dja Sab t ra Jab ,
and is called a covariant derivative !
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