
Transition To Continuum

Goldstein 13.1

• Consider an infinite chain of oscillators
.

• The unperturbed positions are Xj - ja .

The mass is m
,
the spring constant is 8

(since k will be needed for wavenumber ) .
The

displacement of the j - th site is qjct )

m Xgj
- ja yxjti-z.tl

8 y r r r
-880000000in

→ →

qj g-jtl

The oscillators have a Lagrangian
↳ Ey. { mojy - 428 lgjti - gj )

'

with EOM

Moje = 8 (get ,
- ge ) - 8 (ge - ge - i )

i. e

q ,
-28 8

Md} qz 8 - 2$' r

dt' q , V - 28 8

94 T - 28



• As usual we look for eigenmoder

Gj = A Ej e-
iwt

Teigen frequency
• Substituting we have

* - mwz Ej - rltjti - Ej ) t 8 (Ej - Eg's , ) so
① ② ③

• Motivated by the wavelike Solution we take

Ej = eikxj
,

so qy . = A eikxj - iwt

Now
[
eigenvector

① qjti - qj = Ae
- iwt ( eikxjx , - eikxj )

= A e- iwttlkxj ( eika - I)

② 8J - i - gj = A e- iwttikxj ( I - e
- ika )

③ mw2gj = A e-
iwttikj

• So equation * yields

- mwzt y ( z - eika - e-
"ka
) = o
I

= 4sin2Cka/z )
• Or

ebye
Wo § W' Ck) = 4Wd sin' ( Katz ) Dispersion

m Curr



Summary :

① We have found a set of eigenvectors
labelled by K

.

If only one eigenmode is excited

qj It) = Re (A , Ej? e-
iwt ]

= Re [ A , eikxj
- iwcklt ]

Teigenfrequency
② The eigen - frequency for a given k is

W ( Kl = two sin ( Kah )
w LK)

na



Transition to the Continuum
\

• In the low - k limit we do not
"

see
"

the individual atoms
.
We

should be able to reproduce
- our results with a

continuum theory
region in detail for Kak 't

sin (Kah )

•• Expanding
" for ka KI we have :

w =±2wo ( Kaz - Ig, (Kaz)
>

t
. . . .

)

= I Vok ( I - Cka)424 t . . . . )

where we have defined the velocity Woon

Vo = Woo = a

m

•• The correction
,

(ka ) - 124
,
leads to dispersion

and will change the velocity of the wave

as k becomes comparable to the spacing a,
as we will see later

• First let's reproduce these results with

continuum mechanics
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Another Example : The string

• Consider the string with tension T

fish,t)a-
• The kinetic Energy is µ mass length

KE = fdx Igm # y )
'

• The potential energy arises due to . the stretching .

We are increasing the length from l
,
- DX

to 12=0*705 .

This takes work which is

DW = old = T¥hoyF - ox ]
( expand

=

Iz ¥4,5 OX for small

Oy 10×41
• So

S -- Jdtdx [ Inky )
'
- Iz # yl

']



• Thus we can find the EOM by nearing the

action
,
e. g .

(dty )
'
→ ( ayy + 2, Sy )

'
t (2+4)

'
t 22+92+89

So

SS = Jdtdx [ µ 4. y defy - T 2x y 2x Sy]
{
integrate /
by parts

And

85 = fdtdx [ - 2+42, y l t 2×42, y ) ) Sy = O

#

[
Setting = to zero gives
the EOM

.


