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Mathematics of the Poisson Equation

3.1
(a)

Green functions and the Poisson equation
The Dirichlet Green function satisfies the Poisson equation with delta-function charge
—V2Gp(r,r,) =83 (r —r,) (3.1)

and vanishes on the boundary. It is the potential at v due to a point charge (with unit charge) at r,
in the presence of grounded (® = 0) boundaries The simplest free space green function is just the point
charge solution

1

- drt|r — 7,

G, (3.2)

In two dimensions the Green function is

-1
G, = 5 log |r — 7| (3.3)

which is the potential from a line of charge with charge density A =1

With Dirichlet boundary conditions the Laplacian operator is self-adjoint. The dirichlet Green function
is symmetric Gp(r,r9) = Gp(ro,r). This is known as the Green Reciprocity Theorem, and appears
in many clever ways.

The intuitive way to understand this is that for grounded boundary b.c. —V? is a real self adjoint
operator (i.e. a real symmetric matrix). Now —V2Gp(r,r9) = 63(r — rg), so in a functional sense
Gp(r,mo) is the inverse matrix of —V?2. The inverse of a real symmetric matrix is also real and sym-
metric. If the Laplace equation with Dirichlet b.c. is discretized for numerical work, these statements
become explicitly rigorous.

The Poisson equation or the boundary value problem of the Laplace equation can be solved once the
Dirichlet Green function is known.

O(r) = /Vd?’xo Gp(r,r,)p(r,) — - dSone -V, Gp(r,7,)®(r,) (3.4)

where n, is the outward directed normal. The first term is a volume integral and is the contribution
of the interior charges on the potential. The second term is a surface integral, and is the contribution
of the boundary value to the interior.

A useful technique to find a Green function is image charges. You should know the image charge green
functions

i) A plane in 1D and 2D (class)
ii) A sphere (homework)

iii) A cylinder (homework + recitation)
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(e) The Green function can always be written in the form

G(T» ro) = Go(r; To) +(I)ind(r7 7'0) (35)

N S
An[r—mro]|

where the induced potential, ®inq(r, 7, ), is regular and satisfies the homogeneous equation —V2d,g =
0.

The force of a point charge ¢ and the grounded boundaries (i.e. between the charge ¢ and the induced
charges on the grounded surfaces) is entirely due to the induced potential®

F = — >V, ®ina(r, 7o) (3.6)

T=T0

Using the green reciprocity theoem ®;,q(7,70) = ®ina(ro,T), we can write?

= —VTO Uint(""O) (3.8)
where ) )
Uint(To) = §q2¢ind(r07"'o) = 5(]2 E}m (G(’I‘,’PO) - Go(""aro)) (39)

(f) Finding the Green function by separation of variables This is best illustrated by example. Pick two
dimensions of a surface (say 6, ¢). The method is motivated by the fact that §2(r — r,) can be written
as a sum

%5(7’—7"0)6(6089—%89) (6 — do) = —50(r — 74 ZYM AV (00, 00)  (3.10)

B (r—r,) =

Thus the green function is can also be written as

oo /L

G(r,mo) = > gom(r,70)Yom (8, 9) Y (B, bo) (3.11)

=0 —/¢

leading to an equation for ggm, (r,7,)

190 ,0 (LH{+1) 1
[—rzarr o + - } Jom (1, 70) = T—Z(S(r To) (3.12)

This remaining equation in 1D is then solved for the green function following the strategy outlined in
Sect. 3.2 (see Eq. (3.37)). This depends on the conditions boundary conditions. Similar expressions
can be derived in other coordinates.

(g) For free space, the two solutions to Eq. (3.12) are yous(r) = 1/r*T! and yi,(r) = 7%, p(r) = r? and
p(r)W(r) = 2¢ 4+ 1. Then the free space Green fcn can be written

" 1 rt
ZZ Yom (6, 8)Yin (0: 60)] 377 751 (3.13)
>

47r|r7r0| — =

Some useful identities can be derived from Eq. (3.13):

1 The green function is the potential for a unit charge ¢ = 1. The induced charges are proportional to q. The electro-static
field from the induced charges is Einq(7,70) = —qVrPing(r, 7o) while the force on ¢ is F' = qEjpq(ro,70)-
2 We use
Vi ®@ing(r,70)

=1 [V'r'(bind(ra T0) + Vr¢ind("'07"')] = 1V, ®ina(ro,mo) (3.7)

T=7Q T=70
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i) The generating function of Legendre Polynomials is found by setting r, = 2 and r < 1 with

Yoo = /(20 + 1)/47 Py(cos b)

Z rt Py(cos 0) (3.14)

v1+ r2 2r cos 0

ii) The spherical harmonic addition theorem which we find by writing by setting v, = 1 and r < 1

and using 1/|r — r,| = 1/v/14+1r2 = 2ri - 7,

47
Pl -70) = 579 Z Yorm (0, 6) s, (0000) (3.15)

m=—~

where 7 - 7, is the cosine of the angle between the two vectors.

iii) The shell structure relation which you find by setting 7 = 7,

% " Z Yom (0, 8) Yz, (0, 0) (3.16)

This relation is what is responsible for shell structure in the periodic table
(h) Similar expansion exists in other coordinates. e.g. in cylindrical coords you:(p) = Km(kp) and yi, (p) =

I, (kp), leading to

1 [ dk 7 . ,
— im(d—do) oik(z=20) | T (ko VK. (k 1
drlr —r,| 27 m_zoo/ o {e € ] m(kp<) K (kps) (3.17)

3.2 Solving the Laplace Equation by Separation
A summary of separation of variables in different coordinate systems is given in Appendix D. The most

important case is spherical and cartesian coordinates.

Solving the Laplace equation

We use a technique of separation of variables in different coordinate systems. The technique of separation
of variables is best illustrated by example. For instance consider a potential in a square geometry. The

specified on bottom

Figure 3.1: A rectangle illustrating separation of vars

potential ®(z,y, z) is specified at z = 0 to be ®,(x,y) and zero on the remaining boundaries

(a) We look for solutions of the separated form

o= Z(z) X(z)Y (y) (3.18)
—_—
1 tosurf || to surf
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Substituting this into the laplace equation, and separating variables gives two equations for X, Y (the
parallel directions)

[_CZ; - k;,%] X(z) =0, (3.19)
[_;;22 — k;] Y(x) =0. (3.20)

and one equation for the perpendicular equation

d? 9
where k2 = k2 + k2,. The signs of k,,k,,k, are chosen for later convenience, because it will be

impossible to satisfy the BC for k2 < 0 or k’z <0.

The first step is always to separate variables and write down the general solutions to the separated
equations

X (x) =Acos(k,x) + Bsin(k,x) (3.22)
Y (y) =Acos(kny) + Bsin(kn,y) (3.23)
Z(z) =Ae %% t Bek=» (3.24)

It is best to analyze the parallel equations first which are all of the form of a Sturm Louiville eigen-
value equation (see below). These determine the (eigen) functions X (z),Y (y) and the eigenvalues (or
separation constants) k, and k.

The general solution for X (z) is
X(x) = Acoskzx + Bsink,x, (3.25)

and we are specifying boundary conditions at = 0 and x = a. In order to satisfy the boundary
condition X (0) = X (a) = 0, we must have A =0 and k = nn/a, leading to

X (z) = Bsin(kpa) kn=— n=12,.... (3.26)
a
Similarly
Y (y) = Bsin(kn,a) ky, = mr o= 1,2,... (3.27)
a

Thus the parallel directions determine both the functions and the separation constants. The complete
eigen functions are

T mmy

UVnm(T,y) = sin (%) sin (T) n

m=1...00

|
2

Finally we return to the perpendicular direction, Eq. (3.21). This equation does not usually constrain
the separation constants. The general solution is

Z(z) = AeF=*  Be == (3.28)

with k, = \/k2 + k2,. With Z(z) specified The general solution then is a linear combination

o oo
Z Z [Anmei’ynmz + BnmeJr’Y"mz] ¢nm(xv y) (329)

n=1m=1
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Solving the separated equations:

After separating variables, all of the equations we wil study can be written in Sturm Louiville form:

—d d

2o P o +ala)| y(z) = Ar(z)y(z) (3.30)

where p(z) and r(z) are postive definite fens. Here we record some general properties of these equations.

(a) Given two independent solutions to the differential equation y;(z) a and yo(x) The wronskian times
p(x) is constant.

p(x) [yr (2)yz(x) — y2(2)y1 (2)] = const (3.31)

wronskian(x)

This usually amounts to a statement of Gauss Law.
(b) If homogeneous boundary conditions are specified at two endpoints, x = a and & = b, then the problem
becomes an eigenvalue equation. Examples of the eigenfunctions we need are given in Appendix C.

In this case only certain values of A = \,, are allowed and the functions are uniquely determined up to
normalization

[;j (x )% +q(z )} U (#) = A7 (2)hn (2) (3.32)

The parallel equations will have this form (see Eq. (3.19)), and notice how the boundary conditions at
x =0 and z = a fixed the value of k,, (see Eq. (3.25) and Eq. (3.26)).

i) The resulting eigenfunctions are complete ® and orthogonal with respect to the weight r(x)

b
(U, ) = / da 1(2) 0% () () = Condrm (3.33)

where a and b are the endpoints where the boundary conditions are specified. The eigen-functions
are usually not normalized.

ii) Completeness means that any function f(x) satisfying the boundary conditions, can be expanded
in the set

Z fn (@), (3.34)
where the C), are the normalization constants of the eigen-functions (Eq. (3.33)), and f, is the
inner product between 1, (x) and f(z) and f(z)

b

fo = (o f) = / de ()0 (2) () (3.35)

a

iii) Ome can easily show by substuting Eq. (3.35) into Eq. (3.34) that completeness implies

Z wn(x)ciin(x/) _ ,r,(lx)é(x — ') (3.36)

(c) Solving the separated equations with § function source terms

We will also need to know the green function of the one dimensional equation

o)+ o) ) = 0o - 2,) (3.37)

3See Morse and Freshbach
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The Green function for such 1D equations is based on knowing two homogeneous solutions Yo, () and
Yin (), where yo,:(x) satisfies the boundary conditions for & > z,, and y;,(z) satisfies the boundary
conditions for x < z,.

The Green function is continuous but has discontinuous derivatives. Since we know the solutions
outside and inside it takes the form:

G(x,70) =C [Yout (2)Yin (€0)0(x — o) + Yin (¥)Yout (€0)0(xo — )] (3.38)
=CYout (I>)ym($<) (339)

where C is a constant determined by integrating the equation, Eq. (3.37), across the delta function.
In the second line we use the common (but somewhat confusing notation)

x> =the greater of x and z, (3.40)

< =the smaller of z and z, (3.41)

which makes the second line mean the same as the first line.

Integrating from z =z, — € to z = x, + € we find the jump condition which enters in many problems:

dg
dx

dg

=1
dx

To—€

+ p(x) (3.42)

To+e€

—p(z)

)

which can be used to find C.

In fact the jump condition will always involve the Wronskian of the two solutions. Substituting
Eq. (3.38) into Eq. (3.42) we see that C = 1/(p(z,)W(x,))

G($7 xo) _ [yout(x)yin(xo)a(m - 1170) + yin(m)yout(mo)e(xo - :E)] (343)

(o)W (z0)
_ Your (> )yin(2<)
— plze)W(,) (3.44)

where W(z,) = Yout (o)¥,(To) — Yin(To)Ylu:(To) is the Wronskian. Note that the denominator
(o)W (x,) is constant and is independent of z,.
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