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I. Introduction
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INTRODUCTION: HARMONIC OSZILLATOR
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INTRODUCTION: RESONANCE SPECTRA
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INTRODUCTION: NUMBER THEORY
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INTRODUCTION: DAILY LIFE

MARIO KIEBURG DETERMINANTS AND PFAFFIANS



INTRODUCTION: MAIN PROBLEMS

QUESTIONS

What are the processes which create level repulsion or
clustering in the spectra?

What do they have in common?

Are we able to compare all these spectra?

ANSWER TO THE THIRD QUESTION

unfolding procedure = scaling of all spectra on a
normalized scale, for example on the scale of the local
mean level spacing

splitting into subspectra if good symmetries (mirror
symmetries, spin, chirality) exist
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INTRODUCTION: OBJECTS OF INTEREST

EIGENVALUE CORRELATIONS:

What is the probability to find one level at x1 and another at
x2? ⇒ two–point correlation function

R2(x1, x2) = ρ(x1)ρ(x2) =

∫
P(H)ρ(x1)ρ(x2)d [H]

with ρ(xi) =

N∑

n=1

δ(xi − En)

⇒ R2(x1, x2)
|x1−x2|→∞

−→ ρ(x1) ρ(x2)

What is the probability that the two neighboring levels have
the distance s?
⇒ level spacing distribution p(s):
no levels between x1 and x2

⇒ p(s)
s→∞
−→ 0

etc.
MARIO KIEBURG DETERMINANTS AND PFAFFIANS



II. Random Matrix Theory and Orthogonal
Polynomials
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CONSTRUCTING RANDOM MARTRICES
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LEVEL SPACING DISTRIBUTION FOR RANDOM

MATRICES
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LEVEL SPACING DISTRIBUTION FOR EMPIRICAL DATA

UNFOLDED SPECTRA

The mean value of the level spacing s is one for all spectra.
collected by Stöckmann (1999)

From an experimental pov: universal behavior of spectra
From a theoretical pov: universality of matrix ensembles
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ANALYTIC APPROACH

STARTING POINT

ZN(κ) =

∫
P(H)

k∏

i=1

det(κi2 + H)

det(κi1 + H)
d [H]

rotation invariant probability density function P

κi1 = xi + Ji , κi2 = xi − Ji

J = 0 ⇒ ZN(x) = 1

H is a N × N Hermitian or 2N × 2N real symmetric or
Hermitian selfdual matrix.

RELATION TO GREEN’S AND k -POINT CORRELATION FUNCTIONS

Rk (x) ∼
∂k

∂J1 . . . ∂Jk
ZN(κ)

∣∣∣∣
J=0
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ANALYTIC APPROACH

DIAGONALIZATION

ZN(κ) ∼

∫
P(E)

k∏

i=1

det(κi2 + E)

det(κi1 + E)
|∆N(E)|βd [E ]

H = UEU†

Dyson index β ∈ {1, 2, 4}

Vandermonde determinant ∆N(E) = det[Eb−1
a ]1≤a,b≤N
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ANALYTIC APPROACH
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FACTORIZING ENSEMBLES

REQUIREMENT

Factorizing probability density function: P(E) =
N∏

j=1
P̃(Ej)

TWO KINDS OF INTEGRALS

∫ N∏

j=1

P̃(Ej)
k∏

i=1

det(κi2 + E)

det(κi1 + E)
∆2

N(E)d [E ]

∫ N∏

j=1

g(E2j , E2j+1)

k∏

i=1

det(κi2 + E)

det(κi1 + E)
∆2N(E)d [E ]

Kieburg, Guhr ’10
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FACTORIZING ENSEMBLES: RESULTS

RESULT FOR β = 2

ZN(κ) ∼

det
[

ZN(κa1, κb2)

κa1 − κb2

]

det
[

1
κa1 − κb2

]

RESULT FOR β = 1, 4

ZN(κ)∼

Pf



(κb2 − κa2)ZN−1(κa2, κb2)

ZN(κb1, κa2)

κb1 − κa2

ZN(κa1, κb2)

κb2 − κa1
(κb1 − κa1)ZN+1(κa1, κb1)




det
[

1
κa1 − κb2

]
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ORTHOGONAL POLYNOMIALS (β = 2)

ZN(κa1, κb2) ∼ (κa1 − κb2)

N−1∑

j=0

p̂j(κa1)pj(κb2)

hj

with pn a polynomial of degree n and

〈pn|pm〉eP =

∫
pn(x)pm(x)P̃(x)dx = hnδnm

p̂j(y) =

〈
1

x − y

∣∣∣∣ pj

〉

eP
=

∫
pj(x)P̃(x)

x − y
dx
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SKEW-ORTHOGONAL POLYNOMIALS (β = 1, 4)

ZN−1(κa2, κb2) ∼
1

κa2 − κb2

N−1∑

j=0

1
hj

det
[

q2j(κa2) q2j(κb2)
q2j+1(κa2) q2j+1(κb2)

]

ZN(κa1, κb2) ∼ (κa1 − κb2)

N−1∑

j=0

1
hj

det
[

q̂2j(κa1) q2j(κb2)
q̂2j+1(κa1) q2j+1(κb2)

]

ZN+1(κa1, κb1) ∼
1

κa1 − κb1

N−1∑

j=0

1
hj

det
[

q̂2j(κa1) q̂2j+1(κb1)
q̂2j(κa1) q̂2j+1(κb1)

]
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SKEW-ORTHOGONAL POLYNOMIALS (β = 1, 4)

〈q2n|q2m+1〉g =

∫
det

[
q2n(x1) q2n(x2)

q2m+1(x1) q2m+1(x2)

]
g(x1, x2)dx1dx2

= hnδnm

〈q2n|q2m〉g = 〈q2n+1|q2m+1〉g = 0

q̂j(y) =

〈
1

x − y

∣∣∣∣ qj

〉

g

=

∫
det




1
x1 − y

1
x2 − y

qj(x1) qj(x2)


 g(x1, x2)dx1dx2
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III. Random Matrix Formulas for Orthogonal
Polynomials
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A BRIEF SURVEY
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GRAM-SCHMIDT ORTHOGONALIZATION

choosing an arbitrary basis {e1, . . . , eN}

normalize e1 ⇒ f1
orthonormalize e2 with respect to f1 ⇒ f2
orthonormalize e3 with respect to f1 and f2 ⇒ f3

...
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IDEA: AUERBACH-BASIS

THE QUESTION

What is the basis in the dual space V ′ orthogonal to an
arbitrary basis in V?

THE ANSWER

Let {|e1〉, . . . , |eN〉} be an arbitrary basis in V and
{〈f1|, . . . , 〈fN |} be an arbitrary basis in V ′. Then the
orthonormalized dual basis to {|e1〉, . . . , |eN〉} is

〈e′
j | =

det[〈fa|e1〉 . . .

j−th coloumn︷︸︸︷
〈fa| . . . 〈fa|eN〉]

det[〈fa|eb〉]
.
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THE CASE β = 2

IDENTIFICATION

V is the space of polynomials up to degree N − 1 ⇒
N-dimensional real space

The monomials mj(x) = x j build a basis in V .

The scalar product identifies V with its dual space V ′

⇒ 〈F | : f (x) 7→ 〈F |f 〉eP =
∫

F (x)f (x)P̃(x)dx

The monomials 〈mj | build also a basis in V ′.

ORTHOGONAL POLYNOMIALS

pj is orthogonal to ml for j > l ⇒ 〈pj | are an orthogonal dual
basis to mj .

pj(x) ∼ det[〈ma|m0〉eP . . . 〈ma|mj〉eP ma(x)]0≤a≤j
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THE CASE β = 2

AFTER SOME ALGEBRAICAL MANIPULATION

pj(x) ∼

∫
P(E) det(x + E)∆2

j (E)d [E ]

∼

∫
P(H) det(x + H)d [H]

Szegö ’59

SIMILAR MANIPULATIONS FOR THE CAUCHY-TRANSFORM

p̂j(x) ∼

∫
P(E)

det(x + E)
∆2

j+1(E)d [E ]

∼

∫
P(H)

det(x + H)
d [H]

G. Akemann, A. Pottier ’04
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THE CASE β = 1, 4

IDENTIFICATION

V is the space of polynomials up to degree 2N − 1 ⇒
2N-dimensional real space

The monomials mj(x) = x j build a basis in V .

The symplectic form identifies V with its dual space
⇒ 〈F | :

f (x) 7→ 〈F |f 〉g =
∫

det
[

F (x1) F (x2)
f (x1) f (x2)

]
g(x1, x2)dx1dx2

The monomials 〈mj | build also a basis in V ′.
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THE CASE β = 1, 4

SKEW-ORTHOGONAL POLYNOMIALS

q2j and q2j+1 are orthogonal to ml for 2j ≥ l ⇒ 〈qj | are an
orthogonal dual basis to mj .

q2j(x) ∼ Pf

[
0 mb(x)

−ma(x) 〈ma|mb〉g

]

0≤a,b≤2j

q2j+1(x) ∼ Pf




0 mb(x) m2j+1(x)

−ma(x) 〈ma|mb〉g 〈ma|m2j+1〉g

−m2j+1(x) 〈m2j+1|ma〉g 0




0≤a,b≤2j−1

+cjq2j(x)

where cj is an arbitrary constant.
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THE CASE β = 1, 4

AFTER SOME ALGEBRAICAL MANIPULATION

q2j(x) ∼

∫ j∏

a=1

g(E2a, E2a+1) det(x + E)∆2j(E)d [E ]

∼

∫
P(H) det(x + H)d [H]

q2j+1(x) ∼

∫ j∏

a=1

g(E2a, E2a+1)

× det(x + E)[tr E + x + c]∆2j(E)d [E ]

∼

∫
P(H) det(x + H)[tr H + x + c]d [H]

For particular choices of g this formula was shown by
Eynard ’01, Ghosh and Pandey ’02.
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THE CASE β = 1, 4

SIMILAR MANIPULATIONS FOR CAUCHY-TRANSFORM

q̂2j(x) ∼

∫ j+1∏

a=1

g(E2a, E2a+1)det−1(x + E)∆2j+2(E)d [E ]

∼

∫
P(H)

det(x + H)
d [H]

q̂2j+1(x) ∼

∫ j+1∏

a=1

g(E2a, E2a+1)
tr E − c

det(x + E)
∆2j+2(E)d [E ]

∼

∫
P(H)(tr H − c)

det(x + H)
d [H]
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CONCLUSIONS

simple formulas for the orthogonal and skew-orthogonal
polynomials and their Cauchy-transform

complicated integrals ⇒ simple integrals

⇒ Other methods (e.g. supersymmetry method) benefit from
such simplifications.

applicable to a large class of matrix ensembles

Results are also applicable to problems which have
originally nothing to do with RMT.

new results for β = 1, 4

The two symmetries do not structurally differ in our
approach.
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