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Israel’s junction condition gives EOM 

which is dual to the equilibration dynamics 

•! Thermal BH AdS above= fully 

equilibrated 

•! Pure (T=0) AdS5 below= not 

equilibrated  



Two types of observers 

•! Single-point observer sees just the 

thermal stress tensor 

•! 2-point experiments (e g. the correlator 

of the stress tensors) send signal into 

the bulk and therefore finds that 

equilibration below the membrane 

does not yet exist 



<Tmn> is thermal but Correlators 

(measured by the two-point observers) deviate from 

equilibrium 

The reason for oscillations in spectral densities is in fact 

 the ``echo” effect, induced by a gravitons scattering from a membrane, 
Confirmed numerically and semiclassically 
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FIG. 3. (color online) v2/!2 vs. Npart for several !pT " values
as indicated. The filled circles are the same as in Fig. 2(a).
The dashed curves show fits to the data obtained with Eq.
(3). The v2 data are from Ref. [24].

where the brackets denote averaging over sources, as well127

as events belonging to a particular centrality or impact128

parameter range. For the MC-Glauber calculations, an129

additional entropy-density weight was applied reflecting130

the combination of spatial coordinates of participating131

nucleons and binary collisions [29];132

!s(r!) !
!

(1 " "1)

2

dNpart

d2r!
+ "1

dNcoll

d2r!

"

,

where "1 = 0.14 was constrained by multiplicity mea-133

surements as a function of Npart for Au+Au collisions134

[30]. Note that #2,4 (cf. Eq. (2)) correspond to v2,4 mea-135

surements in the so-called participant plane [31]; this is136

analogous to the measurement of v2,4 with respect to the137

2nd order event-plane as described in Ref. [24]. A corre-138

lation between the principal axes of the quadrupole (!"
2)139

and hexadecapole (!"
4) density profiles was also intro-140

duced to account for contributions to v4 from v2 [25].141

This correlation has a significant influence only on #4 in142

the most central collisions [25].143

Figures 2 and 3 show eccentricity-scaled values of144

v2,4(pT , Npart) obtained with MC-KLN eccentricities for145

several pT cuts. The low-pT selections are almost flat,146

i.e. small scaling violations. These violations gradu-147

ally increase with pT over the pT range indicated in Fig.148

2. That is, the data points slope upward progressively149

(from low to high Npart) as the #pT $ is increased. Fig.150

3 shows that this trend reverses to give scaling viola-151

tions which decrease with increasing #pT $, for #pT $ ! 3152

GeV/c. This inversion could be an indication for the on-153

set of suppression-driven anisotropy as discussed below.154

Similar scaling performed with MC-Glauber eccentrici-155

ties, show the same trends exhibited in Figs. 2 and 3,156

albeit with larger scaling violations, as discussed below.157

FIG. 4. (color online) K! vs. !pT "
2 (a) and (b), and KR̄ vs.

Npart (c) and (d), extracted with MC-KLN (left panels) and
MC-Glauber geometry (right panels). The filled circles in (a)
indicate results from the simultaneous fits shown in Fig. 2.
The dashed curves in (a) and (b) show a fit to the data for
!pT "

2 " 10 [GeV/c]2.

In lieu of detailed model comparisons [32], we estimate158

the magnitude of the viscous corrections by parametriz-159

ing the observed scaling violations with a Knudsen num-160

ber (K = $/R̄) ansatz akin to that in Refs. [20, 21];161
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where K"(pT ) characterizes the magnitude of the viscous162

correction for a given pT ,
vh
2,4(pT )

!2,4
are the eccentricity-163

scaled coe"cients expected from ideal hydrodynamics, $164

is the mean-free path, and K0 is a constant estimated to165

be 0.7± 0.03 with the aid of a transport model [33].166

For each pT selection, [K"(pT )]#1 = %(pT ) 1
S

dN
dy

;167

(dN
dy

! Npart) is evaluated by fitting v2,4(pT ,Npart)
!2,4(Npart)

vs.168

Npart with Eq. (3) (cf. curves in Figs 2 and 3). The169

fit parameters %(pT ), so obtained, allow the determina-170

tion of K"(pT ) as a function of Npart. Note that a model171

uncertainty in the value ofK0 would lead to an accompa-172

nying uncertainty in the magnitude of K". However, the173

consistency of our procedure with hydrodynamic models174

has been tested via fits to v2(pT ,Npart)
!2(Npart)

vs. Npart, obtained175

for specified values of "
s [23]. These fits lead to "

s values176

which reproduce the input values to the hydrodynamic177

simulations.178

Figures 4 (a) and (b) show the values of K" vs. p2T , ex-179

tracted for Npart % 351 with MC-KLN and MC-Glauber180

geometries respectively (the plots for other values of181
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tracted for Npart % 351 with MC-KLN and MC-Glauber180
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Measured 2nd and 4th azimuthal anisotropy coe!cients v2,4(Npart, pT ) are scaled with the initial
eccentricity !2,4(Npart) of the collision zone and studied as a function of the number of participants
Npart and the transverse momenta pT . Scaling violations are observed for pT ! 3 GeV/c, consistent
with a p2T dependence of viscous corrections and a linear increase of the relaxation time with pT .
These empirical viscous corrections to flow and the thermal distribution function at freeze-out
constrain estimates of the specific viscosity and the freeze-out temperature for two di"erent models
for the initial collision geometry. The apparent viscous corrections exhibit a sharp maximum for
pT " 3 GeV/c, suggesting a breakdown of the hydrodynamic ansatz and the onset of a change from
flow-driven to suppression-driven anisotropy.

PACS numbers: 25.75.Dw, 25.75.Ld14

A central objective of the experimental program at the15

Relativistic Heavy Ion Collider (RHIC) is to delineate16

the thermodynamic and transport properties of the hot17

and dense matter produced in energetic heavy ion colli-18

sions. This matter can equilibrate to form a hot plasma19

of quarks and gluons (QGP)[1] which rapidly expands,20

cools, and then hadronize to produce the observed par-21

ticles. The hydrodynamic-like expansion of the QGP, as22

well as its interactions with hard scattered partons, re-23

sults in the anisotropic emission of hadrons relative to24

the reaction plane. At mid-rapidity, the magnitude of25

this momentum anisotropy is characterized by the even-26

order Fourier coe!cients; vn =
!

ein(!!)
"

, n = 2, 4, ...,27

where "! is the azimuth of an emitted hadron about28

the reaction plane, and brackets denote averaging over29

particles and events.30

The coe!cients for hadrons with low transverse mo-31

menta (pT ! 2 GeV/c) can be understood in terms of32

flow or partonic interactions which drive pressure gra-33

dients in an initial “almond-shaped” collision zone pro-34

duced in non-central collisions [2–5]. For higher trans-35

verse momenta (pT " 5 GeV/c) the coe!cients can be36

attributed to jet quenching [6] – the process by which37

hard scattered partons interact and lose energy in the hot38

and dense QGP, prior to fragmenting into hadrons. This39

energy loss manifests as a suppression of hadron yields40

[7] which depends on the average distance that partons41

propagate through the QGP. Thus, v2,4 stem from the42

fact that partons which traverse the QGP medium in a43

direction parallel (perpendicular) to the reaction plane44

result in less (more) suppression due to shorter (longer)45

parton propagation lengths [8–10]. This path-length de-46

pendence is exemplified in the recently observed scaling47

patterns for hadron suppression [11, 12]. The transition48

from flow-driven to suppression-driven anisotropy is still49

poorly understood, and it remains a challenge to find a50

single consistent theoretical framework that gives an ex-51

planation of v2,4 measurements over the full pT range.52

The magnitude of v2,4, as well as their detailed de-53

pendence on pT and collision centrality (or number of54

participants Npart), give invaluable insights on the ther-55

modynamic and transport coe!cients of the QGP. In par-56

ticular, flow measurements (v2(pT ) and v2(Npart)) have57

been used to estimate the specific shear viscosity (i.e.,58

the ratio of shear viscosity " to entropy density s of the59

plasma) via comparisons to viscous relativistic hydrody-60

namic calculations [13–17]. The reliability of these "
s es-61

timates is influenced not only by the uncertainties in the62

initial conditions for hydrodynamic evolution, but also63

by ambiguities in the departure from equilibrium on the64

freeze-out surface. For a viscous fluid, this distribution65

(f) is of the form66

dN

dypTdpTd!
! f0 + #f " f0

#

1 + C

$

pT
Tf

%2"#
&

, (1)

where f0 is the equilibrium distribution, Tf is the freeze-67

out temperature, C # "
3$sTf

and $ ranges between 0 and68

1 [18, 19]; % is the time scale of the expansion. The factor69

#f , which results from a finite shear viscosity, is known to70

dominate the calculated viscous corrections to v2(pT ) for71

pT " 1 GeV/c [19]. However, its momentum dependence72
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this momentum anisotropy is characterized by the even-26

order Fourier coe!cients; vn =
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particles and events.30

The coe!cients for hadrons with low transverse mo-31

menta (pT ! 2 GeV/c) can be understood in terms of32

flow or partonic interactions which drive pressure gra-33

dients in an initial “almond-shaped” collision zone pro-34

duced in non-central collisions [2–5]. For higher trans-35

verse momenta (pT " 5 GeV/c) the coe!cients can be36

attributed to jet quenching [6] – the process by which37

hard scattered partons interact and lose energy in the hot38

and dense QGP, prior to fragmenting into hadrons. This39

energy loss manifests as a suppression of hadron yields40

[7] which depends on the average distance that partons41

propagate through the QGP. Thus, v2,4 stem from the42

fact that partons which traverse the QGP medium in a43

direction parallel (perpendicular) to the reaction plane44

result in less (more) suppression due to shorter (longer)45

parton propagation lengths [8–10]. This path-length de-46

pendence is exemplified in the recently observed scaling47

patterns for hadron suppression [11, 12]. The transition48

from flow-driven to suppression-driven anisotropy is still49

poorly understood, and it remains a challenge to find a50

single consistent theoretical framework that gives an ex-51

planation of v2,4 measurements over the full pT range.52

The magnitude of v2,4, as well as their detailed de-53

pendence on pT and collision centrality (or number of54

participants Npart), give invaluable insights on the ther-55

modynamic and transport coe!cients of the QGP. In par-56

ticular, flow measurements (v2(pT ) and v2(Npart)) have57

been used to estimate the specific shear viscosity (i.e.,58

the ratio of shear viscosity " to entropy density s of the59

plasma) via comparisons to viscous relativistic hydrody-60

namic calculations [13–17]. The reliability of these "
s es-61

timates is influenced not only by the uncertainties in the62

initial conditions for hydrodynamic evolution, but also63

by ambiguities in the departure from equilibrium on the64

freeze-out surface. For a viscous fluid, this distribution65

(f) is of the form66
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dypTdpTd!
! f0 + #f " f0
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pT
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, (1)

where f0 is the equilibrium distribution, Tf is the freeze-67

out temperature, C # "
3$sTf

and $ ranges between 0 and68

1 [18, 19]; % is the time scale of the expansion. The factor69

#f , which results from a finite shear viscosity, is known to70

dominate the calculated viscous corrections to v2(pT ) for71

pT " 1 GeV/c [19]. However, its momentum dependence72

3

FIG. 3. (color online) v2/!2 vs. Npart for several !pT " values
as indicated. The filled circles are the same as in Fig. 2(a).
The dashed curves show fits to the data obtained with Eq.
(3). The v2 data are from Ref. [24].

where the brackets denote averaging over sources, as well127

as events belonging to a particular centrality or impact128

parameter range. For the MC-Glauber calculations, an129

additional entropy-density weight was applied reflecting130

the combination of spatial coordinates of participating131

nucleons and binary collisions [29];132

!s(r!) !
!

(1 " "1)

2

dNpart

d2r!
+ "1

dNcoll

d2r!

"

,

where "1 = 0.14 was constrained by multiplicity mea-133

surements as a function of Npart for Au+Au collisions134

[30]. Note that #2,4 (cf. Eq. (2)) correspond to v2,4 mea-135

surements in the so-called participant plane [31]; this is136

analogous to the measurement of v2,4 with respect to the137

2nd order event-plane as described in Ref. [24]. A corre-138

lation between the principal axes of the quadrupole (!"
2)139

and hexadecapole (!"
4) density profiles was also intro-140

duced to account for contributions to v4 from v2 [25].141

This correlation has a significant influence only on #4 in142

the most central collisions [25].143

Figures 2 and 3 show eccentricity-scaled values of144

v2,4(pT , Npart) obtained with MC-KLN eccentricities for145

several pT cuts. The low-pT selections are almost flat,146

i.e. small scaling violations. These violations gradu-147

ally increase with pT over the pT range indicated in Fig.148

2. That is, the data points slope upward progressively149

(from low to high Npart) as the #pT $ is increased. Fig.150

3 shows that this trend reverses to give scaling viola-151

tions which decrease with increasing #pT $, for #pT $ ! 3152

GeV/c. This inversion could be an indication for the on-153

set of suppression-driven anisotropy as discussed below.154

Similar scaling performed with MC-Glauber eccentrici-155

ties, show the same trends exhibited in Figs. 2 and 3,156

albeit with larger scaling violations, as discussed below.157

FIG. 4. (color online) K! vs. !pT "
2 (a) and (b), and KR̄ vs.

Npart (c) and (d), extracted with MC-KLN (left panels) and
MC-Glauber geometry (right panels). The filled circles in (a)
indicate results from the simultaneous fits shown in Fig. 2.
The dashed curves in (a) and (b) show a fit to the data for
!pT "

2 " 10 [GeV/c]2.

In lieu of detailed model comparisons [32], we estimate158

the magnitude of the viscous corrections by parametriz-159

ing the observed scaling violations with a Knudsen num-160

ber (K = $/R̄) ansatz akin to that in Refs. [20, 21];161

v2k(pT )

#2k
=

vh2k(pT )

#2k

#

1

1 + K!(pT )
K0

$k

k = 1, 2, ... , (3)

where K"(pT ) characterizes the magnitude of the viscous162

correction for a given pT ,
vh
2,4(pT )

!2,4
are the eccentricity-163

scaled coe"cients expected from ideal hydrodynamics, $164

is the mean-free path, and K0 is a constant estimated to165

be 0.7± 0.03 with the aid of a transport model [33].166

For each pT selection, [K"(pT )]#1 = %(pT ) 1
S

dN
dy

;167

(dN
dy

! Npart) is evaluated by fitting v2,4(pT ,Npart)
!2,4(Npart)

vs.168

Npart with Eq. (3) (cf. curves in Figs 2 and 3). The169

fit parameters %(pT ), so obtained, allow the determina-170

tion of K"(pT ) as a function of Npart. Note that a model171

uncertainty in the value ofK0 would lead to an accompa-172

nying uncertainty in the magnitude of K". However, the173

consistency of our procedure with hydrodynamic models174

has been tested via fits to v2(pT ,Npart)
!2(Npart)

vs. Npart, obtained175

for specified values of "
s [23]. These fits lead to "

s values176

which reproduce the input values to the hydrodynamic177

simulations.178

Figures 4 (a) and (b) show the values of K" vs. p2T , ex-179

tracted for Npart % 351 with MC-KLN and MC-Glauber180

geometries respectively (the plots for other values of181

4

Npart show similar trends, but with di!erent intercepts).182

The filled circles in Fig. 4 (a) show results from the simul-183

taneous fits indicated by the dashed curves in Figs. 2 (a)184

and (b). The squares show results for fits which employ185

only v2(pT ,Npart)
!2(Npart)

data [24]; both are in good agreement.186

The K! values shown in Figs. 4 (a) and (b) indicate a187

linear dependence on p2T , for !pT "2 ! 10 [GeV/c]2, that188

demonstrates a non-zero viscosity and the p2T dependence189

of !f commonly assumed in hydrodynamic simulations190

[13–17, 19]. In contrast, the data for 10 ! !pT "2 ! 40191

[GeV/c]2 show a striking trend inversion. We interpret192

this as a signal for the breakdown of the hydrodynamic193

ansatz when K! # 1, as well as an indication for the194

onset of suppression-driven anisotropy. Note that such195

a scenario would lead to improved eccentricity scaling196

for pT " 3 GeV/c because the eccentricity encodes the197

variation of the path length relative to the orientation of198

the reaction plane, and the suppression of hadron yields199

has been found to increase as 1"
pT

for a similar pT range200

[12].201

To obtain estimates for K and Tf for each value of202

Npart, we use our observation that K!(pT ) $ p2T in203

conjunction with the first order expansion of v2(pT ) =204

!cos(2"")"pT %
!

!
!!

d!" cos(2!") d3N
dy pt dpt d!"

! !
!!

d!" d3N
dy pt dpt d!"

, to obtain205

the expression K!(pT ) = K + B
Tf

!

pT

Tf

"2
; the constant206

B was cross-checked via fits to the results from hydro-207

dynamic simulations. Fits to K! vs. p2T were performed208

with this fit function. The dashed curve in Fig. 4(a) indi-209

cates such a fit for !pT "2 ! 10 [GeV/c]2; it gives the val-210

uesK = 0.09±0.01 (from the intercept) and Tf = 162±11211

MeV (from the slope). The same fit to the K! values in212

Fig. 4(b) (extracted with MC-Glauber eccentricities),213

give the values K = 0.17 ± 0.007 and Tf = 173 ± 11214

MeV. These same values of Tf are indicated by the fits215

to the data for other Npart values, for both data sets.216

However, as to be expected, the extracted K values vary217

with Npart. Note again that a model uncertainty in the218

value of K0 would lead to an accompanying uncertainty219

in the magnitude of K and the associated values for #220

and #
s discussed below. The estimates for Tf are similar221

to the chemical freeze-out temperature (Tc # 165 MeV)222

obtained for a broad range of collision energies [34].223

Figures 4 (c) and (d) show the product KR̄ vs. Npart,224

obtained with MC-KLN and MC-Glauber geometry re-225

spectively. Fig. 4 (c) indicates that the estimated value226

# # 0.17 ± 0.018 fm is essentially independent of Npart.227

Fig. 4 (d) indicates a larger estimate for central colli-228

sions # # 0.33±0.02 fm, and a mild increase as collisions229

become more peripheral. While our analysis seems more230

consistent for the MC-KLN geometry, the model depen-231

dencies apparent in Fig. 4, highlight the importance of232

experimental signatures that can distinguish MC-KLN233

and MC-Glauber collision geometries [25].234

Estimates for #
s

were obtained via the expression235

#
s & #Tcs % (R̄KTcs) where the sound speed cs =236

0.47±0.03 c was obtained from lattice calculations [35] for237

the mean temperature T = 220±20 MeV [36]. This gives238

the estimates 4$ #
s
= 1.1 ± 0.1 and 4$ #

s
= 2.1 ± 0.2 for239

the K values extracted using MC-KLN and MC-Glauber240

eccentricities [respectively] in central and mid-central col-241

lisions. These estimates are in agreement with the low242

value from prior extractions [13–17, 19, 21, 23, 37–39].243

In summary, we have used eccentricity scaled244

anisotropy coe#cients to extract estimates of the245

strength and role of the viscous corrections. These es-246

timates show a quadratic increase with pT (for pT ! 3247

GeV/c) that validates a non-zero viscosity and a relax-248

ation time which grows with pT . The extracted vis-249

cous corrections also constrain the estimates 4$ #
s

#250

1.1±0.1 (2.1±0.2) and Tf = 162±11 MeV (173±11 MeV)251

for MC-KLN (MC-Glauber) collision geometries for a252

strongly coupled plasma. The onset of a transition from253

flow-driven to suppression-driven anisotropy is signaled254

by a sharp maximum of the apparent viscous corrections255

for pT " 3 GeV/c. These results provide valuable con-256

straints for input parameters to more detailed viscous257

hydrodynamic calculations.258
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