
HOMEWORK 6, THERMAL PHYSICS (PHY306)

1. We had shown before that maximizing the entropy

S = −kB
∑
i

Pilog(Pi)

with 2 conditions (
∑

i Pi = 1,
∑

iEiPi = E) adding them with Lagrange multipliers, one
finds Boltzmann distribution. If we now add the third condition of known particle number∑

iNiPi = N with Lagrange multiplier µ, show that it leads to distribution in a grand
canonical ensemble.

2.Weakly salted water – about 1 percent of NaCl by weight – has the same osmotic
pressure as blood. (Skin cuts which hurt in fresh water do not do so in a sea.) Estimate
its absolute magnitude pNaCl and compare to normal atmosheric pressure P0 = 105 Pa .

138 Exercises

(13.4) A possible ideal-gas cycle operates as follows:
(i) from an initial state (p1, V1) the gas is cooled
at constant pressure to (p1, V2);
(ii) the gas is heated at constant volume to
(p2, V2);
(iii) the gas expands adiabatically back to (p1, V1).
Assuming constant heat capacities, show that the
thermal efficiency is

1 − γ
(V1/V2) − 1

(p2/p1) − 1
. (13.41)

(You may quote the fact that in an adiabatic
change of an ideal gas, pV γ stays constant, where
γ = cp/cV .)

Fig. 13.12 The Otto cycle. (An isochore is a line of
constant volume.)

(13.5) Show that the efficiency of the standard Otto cycle
(shown in Fig. 13.12) is 1−r1−γ , where r = V1/V2

is the compression ratio. The Otto cycle is the
four-stroke cycle in internal combustion engines in
cars, lorries, and electrical generators.

(13.6) An ideal air conditioner operating on a Carnot cy-
cle absorbs heat Q2 from a house at temperature
T2 and discharges Q1 to the outside at tempera-
ture T1, consuming electrical energy E. Heat leak-
age into the house follows Newton’s law,

Q = A[T1 − T2], (13.42)

where A is a constant. Derive an expression for T2

in terms of T1, E, and A for continuous operation
when the steady state has been reached.

The air conditioner is controlled by a thermostat.
The system is designed so that with the thermo-
stat set at 20◦C and outside temperature 30◦C the
system operates at 30% of the maximum electrical
energy input. Find the highest outside tempera-
ture for which the house may be maintained inside
at 20◦C.

(13.7) Two identical bodies of constant heat capacity Cp

at temperatures T1 and T2 respectively are used
as reservoirs for a heat engine. If the bodies re-
main at constant pressure, show that the amount
of work obtainable is

W = Cp (T1 + T2 − 2Tf) , (13.43)

where Tf is the final temperature attained by both
bodies. Show that if the most efficient engine is
used, then T 2

f = T1T2.

(13.8) A building is maintained at a temperature T by
means of an ideal heat pump, which uses a river
at temperature T0 as a source of heat. The heat
pump consumes power W , and the building loses
heat to its surroundings at a rate α(T −T0), where
α is a positive constant. Show that T is given by

T = T0 +
W

2α

“

1 +
p

1 + 4αT0/W
”

. (13.44)

(13.9) Three identical bodies of constant thermal capac-
ity are at temperatures 300 K, 300 K, and 100 K.
If no work or heat is supplied from outside, what is
the highest temperature to which any one of these
bodies can be raised by the operation of heat en-
gines? If you set this problem up correctly you
may have to solve a cubic equation. This looks
hard to solve but in fact you can deduce one of
the roots [Hint: what is the highest temperature
of the bodies if you do nothing to connect them?].

(13.10) In a heat engine, heat can diffuse between the hot
reservoir and the cold reservoir and in Chapter 10
we showed that this takes place on a timescale
which scales with the square of the linear size
of the system (see Example 10.4). The mechan-
ical timescale of an engine typically scales simply
with the linear size of the engine. Explain why
this means that heat engines don’t work on very
small scales. [This is one why reason why the “en-
gines” powering biological systems, which have to
be extremely small, are not heat engines. Instead,
useful energy is extracted directly from chemical
bonds. Heat engines also often run on chemical
fuel but use the fuel to heat one of the reservoirs
and then extract work from the temperature dif-
ference thereby generated.]

3.The Otto cycle is the one used in internal combustion engines of cars: it consists of
two adiabates and two isochores (V=const) lines. Consider the volumes V1, V2 (and thus
their ratio R12 ≡ V1/V2) are known, as well as p1. Another input is the ratio p4/p1 ≡ R14

(a) Assuming that the cycle is done with an ideal gas with adiabatic index γ = 5/3 ,
express temperatures Ti, i = 1, 2, 3, 4 and entropies Si, , i = 1, 2, 3, 4 at all corners of the
cycle in terms on the input parameters.
(b) The efficiency η is defined, as usual, as work over heat entering η = W

Qin
. Using the

results from (a), show that

η = 1 −R1−γ
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