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Gerry and the nuclear
force problem
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4HOW TO BUILD A SERIOUS NUCLEAR FORCE MODEL

• Gerry knew about all the key ingredients!! [a condensation of decades of hard work]

• Ingredient 1: Chiral symmetry

fixes pion interactions to pions and matter fields

relates seemingly unrelated processes

�
�

�
�

• Ingredient 2: Three- and four-body forces

a precise description of few-nucleon systems requires 3NFs

4NFs become relevant in heavy nuclei/nuclear matter

• Ingredient 3: TPE from pion-nucleon scattering

model-independent determination using
dispersion relations: πN → πN ↔ N̄N → ππ

�
�

�



π π π

πN N N

N

⇒ almost all the ingredients for an EFT approach except power counting
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6THE MASTERPIECE

? a phlethora of concepts and methods

? many insights into the nuclear force problem
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Nuclear forces from chiral
EFT
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8CHIRAL EFT for FEW-NUCLEON SYSTEMS
Gasser, Leutwyler, Weinberg, van Kolck, Epelbaum, Bernard, Kaiser, UGM, . . .

• Scales in nuclear physics:

Natural: λπ = 1/Mπ ' 1.5 fm (Yukawa 1935)

Unnatural: |anp(1S0)| = 23.8 fm , anp(3S1) = 5.4 fm� 1/Mπ

• this can be analyzed in a suitable EFT based on

LQCD → LEFF = Lππ + LπN + LNN + . . .

• pion and pion-nucleon sectors are perturbative in Q/Λχ → chiral perturbation th’y

• LNN collects short-distance contact terms, to be fitted

• NN interaction requires non-perturbative resummation

→ chirally expand VNN(N), use in regularized Schrödinger equation
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CHIRAL POTENTIAL and NUCLEAR FORCES

• explains naturally the observed hierarchy of nuclear forces

• MANY successfull tests in few-nucleon systems (continuum calc’s)

O((Q/Λχ)0)

O((Q/Λχ)2)

O((Q/Λχ)3)

O((Q/Λχ)4)

2 LECs

7 LECs

15 LECs

2 LECs
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10RESULTS
• np scattering • nd scattering
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• pol. transfer in pd scattering
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Epelbaum, Hammer, UGM,
Rev. Mod. Phys. 81 (2009) 1773
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Quark mass dependence
of the nuclear forces

Berengut, Epelbaum, Flambaum, Hanhart, UGM, Nebreda, Pelaez,
Phys. Rev. D 87 (2013) 085018
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12GERRY’S COLOURFUL WORLDS

• how does nuclear binding change
when Nc and/or mquark varies?

• study OBE for different Nc and mquark

• construction of the
2π spectral function
→ effective σ-exchange

w/ Mσ, gσNN(Nc,mquark)

⇒ “our world is wedged
into a small corner
of the two-dimensional manifold
of mquark versus Nc”

⇒ reanalyze this in chiral EFT
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13QUARK MASS DEPENDENCE in CHIRAL EFT

• Nuclear forces are given by chiral EFT based on Weinberg’s power counting
Weinberg 1991

⇒ Pion-exchange contributions and short-distance multi-N operators

• graphical representation of the quark mass dependence of the LO potential

N (M  )πnucleon mass m

four−nucleon
couplings C(M  )π

pion propagator
2

pion−nucleon

coupling g(M  )π

π1/(q  − M   )2

• always use the Gell-Mann–Oakes–Renner relation: M2
π± ∼ (mu +md)
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14QUARK MASS DEPENDENCE of HADRON MASSES etc

• Quark mass dependence of hadron properties:

δOH

δmf

≡ Kf
H

OH

mf

, f = u, d, s

• Pion and nucleon properties from lattice QCD combined with CHPT

• Contact interactions modeled by heavy meson exchanges

Epelbaum, UGM, Glöckle, Elster (2002)

...
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PION EXCHANGE CONTRIBUTIONS

•Work to NNLO, need quark mass dependence of Mπ, Fπ,mN , gA

⇒ using lattice + CHPT gives: Kq
Mπ

= 0.494+0.009
−0.013, Kq

Fπ
= 0.048± 0.012

Kq
mN

= 0.048+0.002
−0.006

• situation for gA not quite clear

LQCD data show little quark mass dep.

chiral expansion converges slowly

two-loop representation might suffice
to make contact with flat LQCD data
Bernard, UGM (2006)

→ use a simplified two-loop representation

→ fixes quark mass dep. of V1π + V2π
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16QUARK MASS DEP. of the SHORT-DISTANCE TERMS

• Consider a typical OBEP with M = σ, ρ, ω, δ, η

• Quark mass dependence of the sigma and rho from unitarized CHPT
Hanhart, Pelaez, Rios (2008)

⇒ Kq
Mσ

= 0.081± 0.007, Kq
Mρ

= 0.058± 0.002

⇒ couplings appear quark mass independent (requires refinement in the future)

• assume a) that Kq
ω = Kq

ρ and b) neglect dep. of δ, η

⇒

0.5 1 1.5 2
m

q
 / m

q0

-0.5

0

0.5

1
δX

I

X
I

σ

0.5 1 1.5 2
m

q
 / m

q0

-1

0

1

2X
I

ρ

X
I
ω

0.5 1 1.5 2
m

q
 / m

q0

-0.4

-0.2

0

0.2

X
I *

 1
0-4

  [
 G

eV
-2

n 
] XI

rest

X
I

C̃(3S1) C(3S1) C(ε1)

Nuclear Forces – Ulf-G. Meißner – Stony Brook, November 2013 · ◦ C < ∧ O > B •



17RESULTS for the NN SYSTEM

• Putting pieces together for the two-nucleon system:

Kq
a,1S0 = 2.3+1.9

−1.8, K
q
a,3S1 = 0.32+0.17

−0.18, K
q
B(deut) = −0.86+0.45
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• Nuclear forces are very sensitive to variations in mquark (as Gerry told us)

• Extends and improves earlier work based on EFTs and models
Müther, Engelbrecht, Brown (1986), Beane, Savage (2003), Epelbaum, UGM, Glöckle (2003), Mondejar,
Soto (2007), Flambaum, Wiringa (2007), Bedaque, Luu, Platter (2011), . . .
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Ab initio calculations
of atomic nuclei
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INGREDIENTS

• Nuclear binding is shallow: E/A ≤ 8 MeV

⇒Nuclei can be calculated from the A-body Schrödinger equation: HΨA = EΨA

• Forces are of (dominant) two- and (subdominant) three-body nature:

V = VNN + VNNN

⇒ can be calculated systematically and to high-precision
Weinberg, van Kolck, Epelbaum, UGM, Entem, Machleidt, . . .

⇒ fit all parameters in VNN + VNNN from 2- and 3-body data

⇒ exact calc’s of systems with A ≤ 4 using Faddeev-Yakubowsky machinery

But how about ab initio calculations for systems with A ≥ 5?
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20NUCLEAR LATTICE SIMULATIONS
Frank, Brockmann (1992), Koonin, Müller, Seki, van Kolck (2000) , Lee, Borasoy, Schäfer, Phys.Rev. C70 (2004) 014007, . . .

Borasoy, Krebs, Lee, UGM, Nucl. Phys. A768 (2006) 179; Borasoy, Epelbaum, Krebs, Lee, UGM, Eur. Phys. J. A31 (2007) 105

• new method to tackle the nuclear many-body problem

• discretize space-time V = Ls × Ls × Ls × Lt:
nucleons are point-like fields on the sites

• discretized chiral potential w/ pion exchanges
and contact interactions

• typical lattice parameters

Λ =
π

a
' 300 MeV [UV cutoff]

p

p

n

n a

~ 2 fm

• strong suppression of sign oscillations due to approximate Wigner SU(4) symmetry
J. W. Chen, D. Lee and T. Schäfer, Phys. Rev. Lett. 93 (2004) 242302

• hybrid Monte Carlo & transfer matrix (similar to LQCD)
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CONFIGURATIONS

⇒ all possible configurations are sampled
⇒ clustering emerges naturally
⇒ perform ab initio calculations using only VNN and VNNN as input
⇒ grand challenge: the spectrum of 12C
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COMPUTATIONAL EQUIPMENT

• Past = JUGENE (BlueGene/P)
• Present = JUQUEEN (BlueGene/Q)

6 Pflops
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Nuclear lattice simulations
– results –
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24RESULTS
• fix parameters from 2N scattering and two 3N observables [NNLO: 9+2]

• some groundstate energies and differences

E [MeV] NLEFT Exp.
3He -3H 0.78(5) 0.76
4He −28.3(6) −28.3
8Be −55(2) −56.5
12C −92(3) −92.2
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• promising results [3NFs very important]

• excited states more difficult

⇒ new projection MC method [large class of initial wfs]
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25The SPECTRUM of CARBON-12

• After 8 · 106 hrs JUGENE/JUQUEEN (and “some” human work)
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⇒ First ab initio calculation
of the Hoyle state

√

Structure of the Hoyle state:
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26SPECTRUM of 12C
• Summarizing the results for carbon-12 at NNLO:

0+
1 2+

1 0+
2 2+

2

2N −77 MeV −74 MeV −72 MeV −70 MeV
3N −15 MeV −15 MeV −13 MeV −13 MeV

2N+3N −92(3) MeV −89(3) MeV −85(3) MeV −83(3) MeV
−82.6(1) MeV [1,2]

Exp. −92.16 MeV −87.72 MeV −84.51 MeV −82.32(6) MeV [3]
−81.1(3) MeV [4]
−82.13(11) MeV [5]

[1] Freer et al., Phys. Rev. C 80 (2009) 041303
[2] Zimmermann et al., Phys. Rev. C 84 (2011) 027304
[3] Hyldegaard et al., Phys. Rev. C 81 (2010) 024303
[4] Itoh et al., Phys. Rev. C 84 (2011) 054308
[5] Zimmermann et al., arXiv:1303.4326 [nucl-ex]

• importance of consistent 2N & 3N forces

• good agreement w/ experiment, can be improved
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The fate of carbon-based life
as a function of the quark mass

The role of carbon abundance is also of relevance to neutron star masses and black
hole formation, see Brown, Lee, Rho, Phys.Rev.Lett. 101 (2008) 091101
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28FINE-TUNING of FUNDAMENTAL PARAMETERS
Fig. courtesy Dean Lee
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FINE-TUNING: MONTE-CARLO ANALYSIS
Epelbaum, Krebs, Lähde, Lee, UGM, PRL 110 (2013) 112502, Eur. Phys. J. A49 (2013) 82

• simulations allow to vary mquark and αEM

• quark mass dependence ≡ pion mass dependence: M2
π± ∼ (mu +md)

Gell-Mann, Oakes, Renner (1968)

• explicit and implicit pion mass dependences

N (M  )πnucleon mass m

four−nucleon
couplings C(M  )π

pion propagator
2

pion−nucleon

coupling g(M  )π

π1/(q  − M   )2

�
�

�

Cs,t(Mπ)↔

∂a
−1
s,t

∂Mπ

∣∣∣∣
M

phys
π
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30CORRELATIONS

• vary the quark mass derivatives of a−1
s,t within −1, . . . ,+1:
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• clear correlations: α-particle BE and the energies/energy differences

⇒ anthropic or non-anthropic scenario depends on whether the 4He BE moves!

∆Eb = E(8Be)− 2E(4He)

∆Eh = E(12C∗)− E(8Be)− E(4He)

∆Eh+b = E(12C∗)− 3E(4He)

∂OH

∂Mπ

= Kπ
H

OH

Mπ
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31THE END-OF-THE-WORLD PLOT
• |δ(∆Eh+b)| < 100 keV Schlattl et al. (2004)

→
∣∣∣∣(0.571(14)Ās + 0.934(11)Āt − 0.069(6)

)δmq

mq

∣∣∣∣ < 0.0015

Ās,t ≡
∂a

−1
s,t

∂Mπ

∣∣∣∣
M

phys
π

The light quark mass
is fine-tuned to' 2−3 %

Similarly:
αEM is fine-tuned
to ' 2.5%

Berengut et al.,
Phys. Rev. D 87 (2013) 085018
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Towards medium-mass nuclei
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33GOING up the ALPHA CHAIN

• Consider the α ladder 12C, 16O, 20Ne, 24Mg, 28Si as tCPU ∼ A2

• Improved “multi-state” technique to extract ground state energies

⇒ higher A, better accuracy

⇒ overbinding at LO beyond A = 12 persists up to NNLO
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34REMOVING the OVERBINDING
Lähde et al., arXiv:1311.0477 [nucl-th]

• Overbinding is due to four α clusters in close proximity

⇒ remove this by an effective 4N operator [long term: N3LO]�
�

�



V (4Neff ) = D(4Neff )
∑

1≤(~ni−~nj)2≤2

ρ(~n1)ρ(~n2)ρ(~n3)ρ(~n4)

• fix the coefficient D(4Neff ) from the BE of 24Mg

⇒ excellent description of the ground state energies

A 12 16 20 24 28
Th −90.3(2) −131.3(5) −165.9(9) −198(2) −233(3)

Exp −92.16 −127.62 −160.64 −198.26 −236.54
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35GROUND STATE ENERGIES
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BACK to SQUARE ONE S. Weinberg,
“Nuclear forces from chiral Lagrangians,”
Phys. Lett. B 251 (1990) 288.

• Gerry laid the grounds for the

modern theory of nuclear forces

the application of these forces
in modern structure calculations

• see the groundbreaking paper
from Steven Weinberg

⇒ Gerry’s legacy will live on
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SPARES
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