
Problems

3.19, 3.28, 3.30, 3.31, 5.2 (only a,b,c) – graded, 5.7, 5.10, 5.11

1. (graded) Consider the graph shown below wich shows the electron wave function at a specific time which is
not subject to an external potential, i.e. V (x) = 0

(a) Estimate from the graph below the average momentum and energy of the electron.

(b) Estimate the uncertainty in this average momentum.
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2. Complex Numbers (a) Show 1 + i =
√

2eiπ/4 and 1 − i =
√

2e−iπ/4 (b) Show |eikx|2 = 1 (c) Show
|eik1x+eik2x|2 = 2(1+cos(∆k x)) with ∆k = k1−k2 (d) A general wave funtion is Ψ(x) = R(x)+ iI(x) where
R(x) and I(x) are real functions. Show that |Ψ|2 is positive. (e) A general wave function is Ψ(x) = A(x)eiφ(x)

where A(x) and φ(x) are real functions, show that |Ψ(x)|2 = A(x)2 = R(x)2 + I(x)2.

Answers

3.19: 15 keV, 0.1 MeV hard X-ray (5.2) figure it out (5.7) 0.196 (5.10) A =
√

2/a (5.11) x̄ = 0 and x2 = a2(0.07) (1.)
31 keV/c, E = 1.8 keV. ∆p ∼ 3.1 keV/c.

Basic notions of wave functions

1. DeBroglie says that the momentum is related to the wavelength

p =
h

λ
= ~

2π

λ
= ~k (1)

2. Similarly the frequency determines energy

E = ~ω ω = 2πν (2)

where ν is the frequency.

3. If the typical size of the wave function is ∆x then the typical spread is in the momentum ∆p is determined by
the uncertainty relation

∆x∆p >∼ ~/2 (3)

4. Similarly if the typical duration of a wave pulse (of e.g. sound, E&M, or electron wave) is ∆t then its frequency
ω is only determined to within 1/∆t. In quantum mechanics this is written

∆t∆ω ∼ 1

2
or ∆t∆E >∼ ~/2

i.e. if something is observed for a short period of time its energy can not be precisely known
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5. In general an attractive potential energy tends to localize (make smaller) the particles wave function. As the
particle is localized the kinetic energy increases. The balance determines the typical extent of the wave function
(or the size of the object).

Wave packets

1. A general wave can be written as a sum of sin’s and cos’s. For a general wave then there is not one momentum
and energy associated with the particle but a range of momenta and energies characterized by ∆ω and ∆k

2. Consider the addition of two waves

Ψ1(x, t) = sin(k1x− ω1t) Ψ2(x, t) = sin(k2x− ω2t)

The waves have a certain average frequency (energy)
ω̄ = (ω1 + ω2)/2 and a frequency spread ∆ω = ω2 − ω̄ = (ω2 − ω1)/2. Similarly the two waves have an average
wave number (momentum) k̄ = k1 + k2 and ∆k = k2 − k̄ = (k2 − k1)/2. The sum of the two waves is

Ψ1 + Ψ2 = 2 sin(k̄x− ω̄t)︸ ︷︷ ︸
Carrier wave

cos(∆kx−∆ωt)︸ ︷︷ ︸
Envelope Wave

When we talk about the energy and momentum of a wave we are really talking about the average momentum
(wave number k) and average energy (angular frequency ω).

3. The speed of the envelope is group velocity

vg =
∆ω

∆k
=
dω

dk
=
dE

dp
(4)

4. The spatial extent of the wave packet is of order the wavelength of the envelope

∆x ∼ 1

∆k
∆x∆k ∼ 1 (5)

In quantum mechanics this becomes ∆x∆p ∼ ~

5. The temporal extent of the wave packet is of order the period of the evnvelop

∆t ∼ 1

∆ω
∆t∆ω ∼ 1 (6)

In quantum mechanics this becomes ∆t∆E ∼ ~

6. The same analysis can be done using complex exponentials. Consider the addition of two waves

Ψ(x, t) = e−iω1t+ik1x + e−iω2t+ik2x (7)

You should be able to show that

Ψ(x, t) = e−iω̄t+ik̄x︸ ︷︷ ︸
carrier

2 cos (∆ωt−∆kx)︸ ︷︷ ︸
envelope

(8)

Wavefunctions

1. The electron wave function squared |Ψ(x), t|2 = P(x, t) is a probability per unit length to find the particle at
time t. The the probability dP to find a particle between x and x+ dx at time t

dP = P(x, t)dx = |Ψ(x, t)|2dx (9)

2. The most likely location at time t may be found by maximizing the probability density P(x, t)

3. The electron must be somewhere so ∫ ∞
−∞

dx |Ψ(x, t)|2 = 1 (10)
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4. The average position at time t

x =

∫ ∞
−∞

dxx |Ψ(x, t)|2 (11)

5. The average position squared at time t is

x2 =

∫
dxx2 |Ψ(x, t)|2 (12)

6. The uncertainty squared in position (∆x)2 is defined to be

(∆x)2 ≡ x2 − x2 = (x− x)2 (13)

This is also known as the standard deviation squared, or the spread. If the average position is zero x̄ then

(∆x) ≡
√
x2.

3


