Problems:
8.1, 5.9, 5.12, 5.13
1. Stationary States:

(2) Take the stationary states of the a particle in the box ¥p(z,t) = U, (z)e~*E~/% Show that that E = E,,,
E?=FE2 and AE=10

2. Graded Consider a (pretty good!) model of the vibrations of HCl made up of hydrogen and clorine atoms in
an lonic bond shown below,

Cl H
) Sie
Equilibrium dlst.ant;e

In general the the hydrogen atom vibrates around its equilibrium position since it can never be exactly at one
spot. Make a model of these vibrations by considering the chlorine nucleus to be very heavy and therefore fixed
in space (it is 35 times heavier than the hydrogen atom.) When discussing the vibrations of the hydrogen atom
neglect any effects due fo the motion of the electrons (electrons are very light compared to nucleus — eg. when
two trucks collide the motion of the mirror is irrelevant. The electrons move much more quickly than the nuclei
too as we will see below.) For small displacements of the hydrogen atom from its equilibrium pesition, the force

will be proportional to the displacemnet x. This means that the potential energy is like a spimg 1Cz". We
recall that the classical oscillation frequency is

L;J¢=2?Tf='||i||%

where m is the mass of the hydrogen atom. Classically the hydrogen atom would arrive at the bottom of the
potential well and have no displacement from equilibrium. Quanum mechanically the potential tries to suck
the wave function to the bottom of the well. But this is balanced by the kinetic energy associated with the
uncertainty principle, i.e. if o wave is small in size its typical momentum is very large

(a) Estimate the size of the ground state wave function by balancing the kinetic and potential energies. (Answer

o~ (8)" - ()"

(b) Estimaie the kinetic, potential, and total energies in terms of w,
(¢} The normalized ground state wave function of the harmonic oscillator is

Tg(x) = (L) = e (1)

5 + 1/4 1/2
ol
mk T,
Show that this wave function is a solution to the time independent Schrédinger equation and defermine
the energy associated with this state.

(d) Determine E, =2, 5, p=.
(g} Show that the ground state of the harmonic oscillator saturates the uncertainty principle:

where

k

(f) Determine the average kinetic, potential and total energies using the results of part (d)

1



(g) Measured spring constants are typically ¢ = 29.6eV/A®. Substitute numbers into parts (a), (¥) and
compare your results to the Bohr radius and a typical atomic-electronic energy ~ 2eV. You should find
thai the energies associated with molecular vibrations are about 1/20th of electronic excitation energies.

(k) Finally determine the root-mean-square velocity of the hydrogen nulesus

EmE”%.I

and compare your velocity to the velocity of an electron in the lowest Borh orbit. You should find v ~
3600m/= or about 1/1000th of the bohr orbital velocity.

(i) You may find the following integrals useful.

=+ = = 2 ;
f due~™ = VT f durle™ = % (2}

-z
3. Consider making a simple model of an atom.

(2) Estimate the size an atom

(b) Suppose we place an electron in a (1 Dimensional) box with which has a Length L exactly equal to the size
you estimated in part (a). Determine the energy of the photon emitted when the electron in the box decays
from its first excited state down to its ground state. Work symbolically and then substitute numbers.

{c) Make a sketch of the ground state and first and second excited state wave functions of this eleciron in the
box. Also make a sketch of the associated probability density P(z) for the ground, first, and second excited
states. (There is a total of six graphs in this problem).

Wavefunctions

1. The electron wave function squared |¥(z,t)|* = P(z.%) is a probability per unit length to find the particle at
time t. Thus the probability 42 to find a particle between z and = + dx at time £

d# = P(z,t)dr = |¥(z, {)|°dx 3)
2. The electron must be somewhere so
[m dz|¥(z,8)? =1 (4)
-
3. The average position at time £
E=friz::1!£r|[r,t]|2 )

4. The average position squared at time £ is
7= [ &2 e op ©)
5. The uncertainty squared in position (Azx)? (or standard deviation squared) is defined to be
Az =F -2 = -3 (M)

If the average position is zero T = 0 then (Ax) = 22 is the “root mean square” position. This gives a measure
of how spread out is the wave function

Momentum Averages
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