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Corrections to the Elliptic Orbits – Elliptic Motion and Precession

• See here

0.001 degree per year is of order the precession rate



orbit, !" due to the perturbing planet P, can be found by
calculating the angle of rotation of A for one revolution of
Mercury,
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The magnitude of the radius vector from the origin to Mer-
cury is
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where a is the semimajor axis, and e is the eccentricity of the
orbit of Mercury.

The values8 of M /MP and aP #in astronomical units$9 for
the planets are listed in Table I, along with each planet’s
contribution to the precession in seconds of arc per century
as calculated from Eq. #3.5$10 using numerical integration.
The values of e are listed in Table II. For comparison, the
values calculated by Doolittle,11 corrected for current mass
values, also are listed.

The approximation of circular, coplanar orbits for the
seven perturbing planets gives a result for the precession of

Mercury’s perihelion due to these planets that is 4.4% too
large. In Sec. IV we extend the above methods to compute
the perihelion precession for elliptical and inclined orbits.

IV. ELLIPTICAL AND INCLINED ORBITS

If the perturbing planet’s orbit is elliptical and inclined
with respect to Mercury’s orbit, we have the geometry de-
picted in Fig. 1; the perturbing planet’s orbit lies in the xy
plane, and Mercury’s orbit lies in the x!y! plane. The angle
' is measured from the perihelion of the perturbing planet’s
orbit, %P, to the ascending node of Mercury’s orbit.12 The
mutual inclination of the two orbits is i, and $ is the angle
measured from the ascending node to Mercury’s perihelion,
%M.13 These three angles are the three Euler angles which
specify the rotation of the axes from #x ,y ,z$ to #x! ,y! ,z!$.14

To find the gravitational potential at r, we replace a per-
turbing planet by an elliptical ring of mass MP that coincides
with its orbit. Doolittle has shown that this replacement gives
the same results as those derived from the moving planet.15

However, because a planet does not move with constant
speed, the mass element dMP is proportional to the time the
planet spends in the line element ds. The gravitational poten-
tial of this elliptical ring at r is7

Table I. The ratio of the sun’s mass to the planet’s mass, the semimajor axis ap, and the contribution to the
precession of the perihelion of Mercury are given for each planet.

Planet M /MP aP #AU$
!" #arcsec/century$

from Eq. #3.5$
!" #arcsec/century$

from Eq. #4.14$
Doolittlea

#arcsec/cent.$

Mercury 6 023 600 0.387 098 93 ¯ ¯ ¯
Venus 408 523.5 0.723 331 99 292.84 277.42 277.37
Earth+Moon 328 900.55 1.000 000 11 95.89 90.88 90.92
Mars 3 098 710 1.523 662 31 2.38 2.48 2.48
Jupiter 1 047.350 5.203 363 01 156.94 153.95 154.09
Saturn 3 498.0 9.537 070 32 7.57 7.32 7.32
Uranus 22 960 19.191 263 93 0.14 0.14 0.14
Neptune 19 314 30.068 963 48 0.04 0.04 0.04
Total 555.80 532.23 532.36

aReference 1, p. 179, but corrected for current values of M /MP.

Table II. The orbital parameters for the planets. Columns 2–7 are in degrees. The quantities 'P, iP, and $P are
the longitude of the ascending node, the inclination, and the argument of the perihelion, respectively, for each
planet measured with respect to the ecliptic #Ref. 9$. The quantities ', i, and $ are the orbital parameters for
Mercury measured with respect to the plane of the perturbing planet’s orbit. #See Fig. 1.$ The angle ' is
measured from the perihelion of the perturbing planet’s orbit to the ascending node of Mercury’s orbit. The
angle i is the mutual inclination of the two orbits, and the angle $ is measured from the ascending node to
Mercury’s perihelion. Column 8 lists the eccentricities of the planetary orbits #Ref. 9$.

Planet 'P iP $P ' i $ e

Mercury 48.331 67 7.004 87 29.124 87 ¯ ¯ ¯ 0.205 630 69
Venus 76.680 69 3.394 71 54.846 08 255.023 19 4.327 27 51.004 69 0.006 773 23
Earth+
Moon

−11.260 64 0.000 05 114.207 83 305.384 06 7.004 96 29.124 87 0.016 710 22

Mars 49.578 54 1.850 61 286.462 30 71.844 12 5.154 97 29.573 62 0.093 412 33
Jupiter 100.556 15 1.305 30 274.197 70 24.181 27 6.290 18 38.584 12 0.048 392 66
Saturn 113.715 04 2.484 46 338.716 90 −64.730 81 6.381 11 49.893 18 0.054 150 60
Uranus 74.229 88 0.769 86 96.734 36 234.331 83 6.321 35 32.180 62 0.047 167 71
Neptune 131.721 69 1.769 17 273.249 66 4.558 53 7.023 65 43.650 17 0.008 585 87
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Planet
Calculation 
Today

Calculation
in 1912

Total = 532'' per century, Observed value = 575'' per century
                       500'' per century = 0.0014 degrees / year



Summary of the Precession of the Perihelion

Source of Precession: Value

Planetary Perturbations: 532”/century

Einstein: 43” /century

Total: 575” /century

Very good agreement with the Observed value 575” per century



Today



Equivalence Principle (Part 1)

• A free falling observer, the elevator guy, will (in a small volume) experience the as

if there were no gravitational forces.
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Equivalence Principle (Part 2)

• There is no experiment a person could conduct (in a small volume) that can

distinguish gravitational forces from accelerated motion.
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Measuring the bending of light

• Measure the deflection of starlight as it goes near the sun

• Compare angles between the stars during a solar eclipse,

and at night at a different time of the year

source http://undsci.berkeley.edu/article/0_0_0/fair_tests_04

http://undsci.berkeley.edu/article/0_0_0/fair_tests_04




The men of the 1919 measurement – Einstein,Eddington,Dyson

source http://undsci.berkeley.edu/article/0_0_0/fair_tests_04

http://undsci.berkeley.edu/article/0_0_0/fair_tests_04


Eddington and Dyson travel to the tropics at Sorbal and Principe

source http://undsci.berkeley.edu/article/0_0_0/fair_tests_04

http://undsci.berkeley.edu/article/0_0_0/fair_tests_04


. . . And set up telescopes in the Tropics and at Cambridge

Yale Observatory, he stated,
The result was contrary to my expectations, but
since we obtained it I have tried to understand
the Relativity business, & it is certainly very
 comprehensive, though elusive and difficult.
(MS.RGO.8/123, Cambridge University Library)

Eddington wrote similarly to the mathematician Her-
mann Weyl on 18 August 1920:

It was Dyson’s enthusiasm that got the eclipse ex-
peditions ready to start in spite of very great dif-
ficulties. He was at that time very skeptical about
the theory though deeply interested in it; and he
realized its very great importance. (Hermann
Weyl Nachlass, Hs 91:523, ETH-Bibliothek
Zürich)

Regarding the question of reconciliation with Germany,
often cited as a further motivation for Eddington’s bias to-
ward Einstein’s theory, it is probable that in that case, too,
Dyson held more mainstream views. Dyson’s obituary (pub-
lished in 1939) states that he helped further postwar recon-
ciliation, but that should be set in context. For the first few
years of its existence, the International Astronomical Union,
an organization in whose formation he played a key role after
World War I, did not permit Germany or its allies member-
ship. A good example of the typical English astronomer’s
view of both relativity theory and German science is given
by a letter between two astronomers preserved in the Royal
Greenwich Observatory archives with the eclipse material:

The second theory of Einstein [general relativity]
. . . is far more speculative and I fear only accord
with observations will make me accept it. Besides
the analysis is too beastly for words. I can well
understand the compatriots of Riemann and
Christoffel burning Louvain and sinking the
Lusitania. (Rudolph Moritz to Philip H. Cowell,
1 March 1918, MS.RGO.8/123, Cambridge Uni-
versity Library)

But even if Dyson was not biased toward relativity at the
outset, might he not have been swayed by the visionary cer-
tainty of his younger and more theoretically up-to-the-
minute colleague Eddington? There is little reason to think
so. Dyson was the senior man in British astronomy, and al-
though Eddington’s fame is nowadays much greater, the 

two were on a roughly equal footing in terms of their public
fame and scientific reputation at the time of the eclipse. Fur-
thermore, there are good grounds for believing that Dyson
made the scientifically correct decision in choosing to ignore
the astrographic data.

1979 reanalysis
The Greenwich team had planned from the beginning to make
its astrographic lens its main instrument. But that lens had
never been used at an eclipse, and fears of problems with the
mirror and its driving mechanism encouraged the Sobral team
to bring a backup instrument based on the Cortie 4-inch lens.
In the immediate aftermath of the eclipse, onsite development
of some plates alerted Crommelin and Davidson that the as-
trographic setup had lost focus during the eclipse. The stars
were noticeably streaky, a problem reported by Dyson at a
meeting of the Royal Astronomical Society as early as 13 June.10
Disturbingly, when the comparison plates were taken two
months later, the instrument was once again in focus.11

Despite any worries about the quality of the plates,
Dyson and his team went ahead and reduced the astro-
graphic data first. Nevertheless, they encountered significant
difficulties in measuring the plates. Because of the impreci-
sion of the streaky and out-of-focus images, they measured
the star positions on the astrographic eclipse plate in only one
coordinate. Having thus thrown away half their data at the
outset, they pressed on and recovered the controversial result
of 0.93”, which they reported to Eddington sometime before
3 October. Once they had reduced the 4-inch-lens data, aided
by the sharp focus obtained on the eclipse plates, they were
confronted with the problem that their two instruments had
produced measurements in profound disagreement with
each other.

Interestingly, the Greenwich team tried an alternative
method of analysis with the astrographic data. In Dyson’s
section of the joint report, he states that an alternative method
of analysis recovered a result of 1.52” from the Sobral astro-
graphic data. A later 1921 paper essentially repeats the re-
mark (quoting slightly different figures for unstated reasons): 

If it is assumed that the scale has changed, then
the Einstein deflection from the series of plates is
0.90”; if it is assumed that no real change of focus
occurred, but merely a blurring of the images,
the result is 1.56”; little weight is, however, at-
tached to this series of photographs.11

www.physicstoday.org March 2009    Physics Today 41

Instruments at Sobral, Brazil.
The 4-inch lens is in the square
tube on the right, and the astro-
graphic lens, chosen for its wide
field of view, is in the circular tube
on the left. In front of the tubes are
mirrors that are driven by a mech-
anism that keeps the stellar
 images at the same position on
the plates during an exposure. 
The mirror on the left was the
chief suspect in the poor-quality
astrographic-lens images pro-
duced during the 1919 eclipse.
(Courtesy of the Science Museum,
London.)

source http://undsci.berkeley.edu/article/0_0_0/fair_tests_04

http://undsci.berkeley.edu/article/0_0_0/fair_tests_04


Record image on plate

Yale Observatory, he stated,
The result was contrary to my expectations, but
since we obtained it I have tried to understand
the Relativity business, & it is certainly very
 comprehensive, though elusive and difficult.
(MS.RGO.8/123, Cambridge University Library)

Eddington wrote similarly to the mathematician Her-
mann Weyl on 18 August 1920:

It was Dyson’s enthusiasm that got the eclipse ex-
peditions ready to start in spite of very great dif-
ficulties. He was at that time very skeptical about
the theory though deeply interested in it; and he
realized its very great importance. (Hermann
Weyl Nachlass, Hs 91:523, ETH-Bibliothek
Zürich)

Regarding the question of reconciliation with Germany,
often cited as a further motivation for Eddington’s bias to-
ward Einstein’s theory, it is probable that in that case, too,
Dyson held more mainstream views. Dyson’s obituary (pub-
lished in 1939) states that he helped further postwar recon-
ciliation, but that should be set in context. For the first few
years of its existence, the International Astronomical Union,
an organization in whose formation he played a key role after
World War I, did not permit Germany or its allies member-
ship. A good example of the typical English astronomer’s
view of both relativity theory and German science is given
by a letter between two astronomers preserved in the Royal
Greenwich Observatory archives with the eclipse material:

The second theory of Einstein [general relativity]
. . . is far more speculative and I fear only accord
with observations will make me accept it. Besides
the analysis is too beastly for words. I can well
understand the compatriots of Riemann and
Christoffel burning Louvain and sinking the
Lusitania. (Rudolph Moritz to Philip H. Cowell,
1 March 1918, MS.RGO.8/123, Cambridge Uni-
versity Library)

But even if Dyson was not biased toward relativity at the
outset, might he not have been swayed by the visionary cer-
tainty of his younger and more theoretically up-to-the-
minute colleague Eddington? There is little reason to think
so. Dyson was the senior man in British astronomy, and al-
though Eddington’s fame is nowadays much greater, the 

two were on a roughly equal footing in terms of their public
fame and scientific reputation at the time of the eclipse. Fur-
thermore, there are good grounds for believing that Dyson
made the scientifically correct decision in choosing to ignore
the astrographic data.

1979 reanalysis
The Greenwich team had planned from the beginning to make
its astrographic lens its main instrument. But that lens had
never been used at an eclipse, and fears of problems with the
mirror and its driving mechanism encouraged the Sobral team
to bring a backup instrument based on the Cortie 4-inch lens.
In the immediate aftermath of the eclipse, onsite development
of some plates alerted Crommelin and Davidson that the as-
trographic setup had lost focus during the eclipse. The stars
were noticeably streaky, a problem reported by Dyson at a
meeting of the Royal Astronomical Society as early as 13 June.10
Disturbingly, when the comparison plates were taken two
months later, the instrument was once again in focus.11

Despite any worries about the quality of the plates,
Dyson and his team went ahead and reduced the astro-
graphic data first. Nevertheless, they encountered significant
difficulties in measuring the plates. Because of the impreci-
sion of the streaky and out-of-focus images, they measured
the star positions on the astrographic eclipse plate in only one
coordinate. Having thus thrown away half their data at the
outset, they pressed on and recovered the controversial result
of 0.93”, which they reported to Eddington sometime before
3 October. Once they had reduced the 4-inch-lens data, aided
by the sharp focus obtained on the eclipse plates, they were
confronted with the problem that their two instruments had
produced measurements in profound disagreement with
each other.

Interestingly, the Greenwich team tried an alternative
method of analysis with the astrographic data. In Dyson’s
section of the joint report, he states that an alternative method
of analysis recovered a result of 1.52” from the Sobral astro-
graphic data. A later 1921 paper essentially repeats the re-
mark (quoting slightly different figures for unstated reasons): 

If it is assumed that the scale has changed, then
the Einstein deflection from the series of plates is
0.90”; if it is assumed that no real change of focus
occurred, but merely a blurring of the images,
the result is 1.56”; little weight is, however, at-
tached to this series of photographs.11

www.physicstoday.org March 2009    Physics Today 41

Instruments at Sobral, Brazil.
The 4-inch lens is in the square
tube on the right, and the astro-
graphic lens, chosen for its wide
field of view, is in the circular tube
on the left. In front of the tubes are
mirrors that are driven by a mech-
anism that keeps the stellar
 images at the same position on
the plates during an exposure. 
The mirror on the left was the
chief suspect in the poor-quality
astrographic-lens images pro-
duced during the 1919 eclipse.
(Courtesy of the Science Museum,
London.)

The photographic plate



. . . And finally measure the deflection by reading the positions between the

stars off of photographic plates with a micrometer and comparing to other

plates

lens showed fewer stars on its plates than the astrographic
one would have.

Data analysis
The fortunate circumstance that the Sun would be in a field
containing relatively bright stars gave the astronomers an ex-
cellent chance of acquiring good quality images of stars close
to the Sun, where fainter stars would be drowned out by the
light of the solar corona. The predicted amount of the appar-
ent shift in star positions was, they believed, within the level
of accuracy achievable by contemporary astrometric tech-
niques, even allowing for the technical difficulty imposed by
transporting delicate equipment to remote locations before
installation. 

The parsec is defined as the distance at which a star, seen
from Earth, will undergo apparent motion, due to parallax,
of one arcsecond over the course of a year. No stars are within
a parsec of our solar system; therefore, all stellar parallax
work is subarcsecond in nature, much of it well below the
arcsecond. Dyson had considerable experience in working on
stellar parallaxes. In fact, both Dyson and Eddington began
their careers working on problems of astrometry, including
parallax and proper motion of stars and other bodies.

The method used to determine the apparent shifts was
to expose pictures of the star field during the eclipse and then
take comparison exposures of the same star field at night,
without the Sun present. Obviously, the comparison plates
had to be taken at a different time of the year, because it
would take some time for the Sun to move out of the Hyades
star field. It was also desirable that they be taken at a time
when the star field was at the same position in the sky, which
meant waiting at the eclipse site until the Sun had moved far
enough along the ecliptic for the star field to rise to that same
height in the sky before sunrise. 

For the Sobral team, for whom the eclipse took place in
the morning, that meant waiting only a couple of months,
which is what it did. But the Principe team, for whom totality
occurred in the middle of the day, would have had to wait
 almost half a year to take comparison plates on site, which

Eddington did not do. Instead, comparison exposures were
taken in the UK before departure. 

Since problematic changes of scale and other complica-
tions might arise from comparing exposures at different
times and locations and with different installations of the
same equipment, the Cambridge team also took so-called
check plates of a different star field both in the UK and on
Principe. Those plates would alert the team about any unex-
pectedly large change of scale between the eclipse and com-
parison plates. And because the Sun never appeared in either
set of check plates, they constituted a control on Eddington’s
experiment. Indeed, that passive role seems to have been
 Eddington’s original plan for them.

When comparing two different images of the same star
field taken at different times, one must account for certain
shifts in stellar position caused by predictable astronomical
and atmospheric effects. Even when taken with the same in-
strument, two images of the same field may be rotated
slightly with respect to each other or, worst of all, may vary
in magnification, which introduces a relative change of scale
between the two images. That change of scale is the most per-
nicious effect from the point of view of someone interested
in measuring light deflection, because it most closely mimics
the light-deflection effect. Light deflection moves stars radi-
ally away from the Sun on the image. A change of scale moves
stars radially away from the center of the image, where the
Sun is best placed in order to get a symmetrical field of stars
close to it. 

Fortunately, there is one characteristic difference be-
tween the two effects. Light deflection is greatest for those
stars closest to the limb of the Sun and minimal for those stars
far from it. The reverse is true under a change of scale: Stars
far from the center of the plate suffer the greatest change in
position, while stars near the plate’s center are affected least.
Thus straightforward comparison of the positions of a num-
ber of stars on the two plates can, in principle, disentangle
the effects. 

Eddington’s difficulty with his eclipse plates taken on
Principe was that only the brightest stars were visible on a

www.physicstoday.org March 2009    Physics Today 39

a bLight-deflection effect Change-in-scale effect

An unusual number of bright stars from the Hyades cluster conveniently filled the sky on all sides of the Sun during the 1919
eclipse. (a) In this artist’s rendering, deflection of starlight from the Sun’s gravity shifts the original stellar positions (blue) radially
away from the center of the Sun; those closest to the center suffer the greatest shift. (b) A change in scale between one exposure
and another shifts stellar positions radially away from the center of the image; those far from the center show the greatest shifts. 

The experimetnal result agrees with Einstein’s prediction of 1.7 arcsec

source http://undsci.berkeley.edu/article/0_0_0/fair_tests_04 and Physics Today article Kennefick

http://undsci.berkeley.edu/article/0_0_0/fair_tests_04


Gravitational Lensing in Observational Astronomy

• light from distant quasars bends around intermediate galaxy

This page was copied from Nick Strobel’s Astronomy Notes. Go to http://www.astronomynotes.com
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Gravitational Lensing in Observational Astronomy

source – Wikimedia



More Pictures

source – Wikimedia



Sagittarius A∗ (in our galaxy) contains a suppermassive black hole

The Milky Way

10,000 ly

Sun Sagitarius

• We will look at the elliptic orbits of a few stars close to Sagittarius A

• The orbital radius of these stars is R ∼ 1000AU ∼ 0.01 light years



Sagittarius A∗ (in our galaxy) contains a suppermassive black hole

• Look at the change in the image as a function of time (years) and look in different

frequency bands (x-rays)



Orbits of six stars around the Sagittarius A∗ in the center of our galaxy
10/1/12 3:17 PMInferred orbits of 6 stars around galactic centre

Page 1 of 1file:///Users/derekteaney/common/classes/phy313_12/lectures/l5/Galactic_centre_orbits.svg
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From the orbital period and radius of the star, use Kepler’s laws to find the mass of the SgrA∗

Note: 2 light days = 350 AU
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High Gravity
large curvature

Low gravity
small curvature

Can view the problem of determining the forces of gravity, as a 
problem of finding how the coordinates of free falling observers 
change from point to point




