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Appendix C of Zangwill (and Wikipedia and DLMF) provide a useful summary of the special functions
involved.

1 Cartesian coordinate/g: sec 7.5
e_&)a F-0O on 2 sides

b -r'“"'—‘
A; /J/,/ B,,M-\o(&rj XYy Sw \(u(q
/K / - J/
// ,
An L-x Sudes 4

Figure: Boundary conditions for cartesian coordinates: sec 7.5
o? 62 8%
(3 + g+ 7) e =" M
(b) Eigen fucntions along boundary vanishing at z=0and z=a and y =0 andy=">

¢nm($,y)=sin(%)sin(m;—rg) n=1...00 m=1l...00

(a) Laplacian

(c) Orthogonality

a b b
/0 dx[) Y Ypm Yn'me = (%) (E) Onn'Omm’

Z Z [Anme—‘v'""z + Bnme+1'""z] Ym(Z,¥) )

n=1m=1

where Ypm = /(nr/a)? + (mn/b)?

(d) Solution

2 Spherical coordinates: 7.6 and 7.7
/ 0= (8¢
: Bommoxoxf“-& e,(l) SVWF"*(C

Figure: Boundary conditions in spherical coordinates: 7.6 and 7.7
(a) Laplacian
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(b) Eigen fucntions along boundary 0, ¢, regular at = 0 and , 27 periodic in ¢
¢lm(0s¢)=lflm(0,¢) £=0...00 m=—£...¢
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4 2D cylindrical coordinates: sec 7.9

M
N Y = YD)
Bownda rj ot g> Cansy
95 c »xow\a ‘l N 7
Figure: 2D Cylindrical coordinates: sec 7.9
(a) Laplacian:
pdp dp = p* 0¢?
(b) Eigenfunctions along boundary ¢: 27 periodic in ¢
¢m(¢)=eim¢ m= —00...00
(c) Orthogonality )
A 1/’;;(05)1[)111’ (¢) = 26 mm’ (9)
(d) Solution
) B,
¢=Ag+Bolnp+ Z (Ampl'"l + —m) Ym
~ = Z
5 Cylindrical Boundary: p, ¢ are the boundary — Sec 7.8
-B O“V‘CLO\P\\) S ?e_dﬂeol
onN () y ? Sur fo\ ce.
L(’ =0 | =
- ~ v, (e, ¢)
on Sidee
Figure: Boundary conditions in cylindrical coordinates with a p, ¢ boundary, sec 7.8
(a) Laplacian:
19 8,18 &
(bt 7o ) o= (o
(b) Eigenfunctions along boundary p, ¢ vanishing at p = R and regular at p = 0, 27 periodic in ¢:
. ¢mn(p,¢)=Jm(kmnp)ei'"¢ n=1...00 m=—00...00
m Here: .
kmn = _En' (11)
where Zy is the n-th zero of the m-th Bessel function, e.g. the zeros of Jo(z) are
m (:L'(n, xoz,zoa) = 2.40483, 5.52008, 8.65373 (12)

These are given by Zmn = BesselZeroJ[m, n] in Mathematica. Note also that J-m(z) = Im(z)

3



(c) Orthogonality:
R 27 2
/ pdp Ymn(0) 9) Ymn(p, @) = (%‘ [Jm+l(kmnR)]2) (27) St Smm
0 0

(d) Solution:
o o0
= Z Z [A""“e_-k"mz + B'""ekm"z] Ymn (P, @) (13)
n=1lm=-—00

6 Continuum Forms and Fourier and Hankel Transforms

In each case we are expanding a function in a complete set of eigenfunctions
(@F) = (zln) (n|F) (14)
n

(a) For the cartesian case when a and b go to infinity. The sum becomes an integral and the sum over n
and m becomes a 2D fourier transform

&’k
@n?°

We are using the fact that any function in the z, y plane (in particular the boundary condition ,(z,))
can be expressed as a fourier transform pairs

ek [A(ky)e 1% + B(ky)e*7] .

Flo) = [ G55 [¢%4] Flhaih), (15)
F(ka k) = / Pz, [e-*1%1] F(z,y). (16)

(b) For the cylindrical case when L goes to 0o, the sum over n becomes an integral yielding

o= z / 95 [2eim9] [A(K)Im(|K1p) + B(K)Km(INlo)]

m=-—00

We are using the fact that any regular function of z and ¢ (in particular the boundary condition
vo(2,9)) can be written in terms of its fourier components

F(z,9) = Z / dr (gingimd) () 7)
2%
Fin(K) = /; % /_ _dz [eem"] F(z,g) (18)
(c) Finally for the second cylindrical case when the radius goes to infinity
-3 / kdk [Tm(kp)e™] [A(K)e™* + B(K)ek?] (19)

We are using the fact that any regular cylindrical function of p and ¢ (in particular the boundary
condition ¢,(p, ¢)) can be written as Hankel transform

Fod)= 3o [ bk [nlkle™) Fuh) (20)
2n
Fnl)= [ 52 [" bl [Inilpre=") F(o,0 (21)



