C  Fourier Series and other eigenfunction expansions

We will often expand a function in a complete set of eigen-functions. Many of these eigen-functions are
traditionally not normalized. Using the quantum mechanics notation we have
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|F) = Z F, ol [n) where F, = (n|F) and (n1|n2) = Cnydnyn, (C.1)

or more prosaically:

F2) =Y Fo— [n(@)] (C.2)
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We require that the functions are complete (in the space of functions which satisfy the same boundary
conditions as F') and orthogonal

3 in Wy l=1, o 3 Cinwn(xw;;(x') — oz —a). (C.5)

In what follows we show the eigen-function in square brackets

(a) A periodic function F(x) with period L is expandable in a Fourier series. Defining k,, = 27n/L with
n integer:
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L
o /O dz [e=**] F(x) )
/L dx [e=Hn®] [ ®) =L 5 (C.8)
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(b) A square integrable function in one dimension has a Fourier transform

Fz) = [ Z % €] F(k) (C.10)
F(k) = /O:o dz [e7™**] F(2) (C.11)
/Z dz e *=F) —on§(k — k) (C.12)
| o; 08 k=) =5(z ) (C.13)

(¢) A regular function on the sphere (6, ¢) can be expanded in spherical harmonics

F(6,9) ef fzmmw,@] Fi (C.14)

Fon = [ 482 [¥;,(6.)) F(6.9) (€.15)

[ 492 15 (0.6) Wi (0.6)) =8 (C.16)
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(d) When expanding a function on the sphere with azimuthal symmetry, the full set of Y, is not needed.
Only Yy is needed. Yy is related to the Legendre Polynomials. We note that

2041
Yio = \/%Pg(cos 0) (C.18)
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A function F(cosf) between cosf = —1 and cosf = 1 can be expanded in Legendre Polynomials.
— , 20+1
F(cos6) Z;Fg 5 [Py (cos )] (C.19)
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%T+1 [Py(cos0)] [Pr(cos )] =6(cos — cos ) (C.22)
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(e) A function, F'(p) on the half line p = [0, 00], which vanishes like p™ as p — 0 can be expanded in
Bessel functions. This is known as a Hankel transform and arises in cylindrical coordinates
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Fu®) = [ pio (ko] Flo) (C.24)
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