Problem 1. A cylinder in a magnetic field (Jackson)

A very long hollow cylinder of inner radius a and outer radius b of permeability u is placed
in an initially uniform magnetic field B, at right angles to the field.

(a) For a constant field B, in the = direction show that A* = B,y is the vector potential.
This should give you an idea of a convenient set of coordinates to use.

Remark: See Wikipedia for a list of the vector Laplacian in all coordinates. Most often
the vector Laplacian is used if the current is azimuthal and solutions may be looked
for with A, # 0 and A, = Ap =0 (or A, = A, = 0 in cylindrical coordinates). This
could be used for example in Problem 3. Similarly if the current runs up and down,
with A, # 0 and A, = Ay = 0, so that B = (B,(x,v, ), By(x,y, 2),0) is independent
of z, then the vector Laplacian in cylindrical coordinates —V?A, is a good way to go.

(b) Show that the magnetic field in the cylinder is constant p < a and determine its
magnitude.

(c) Sketch |B|/|B,| at the center of the as function of p for a?/b* = 0.9,0.5,0.1 for u > 1.


http://en.wikipedia.org/wiki/Nabla_in_cylindrical_and_spherical_coordinates

Problem 2. Helmholtz coils (Jackson)

Consider a compact circular coil of radius a carrying current I, which lies in the x — y plane
with its center at the origin.

(a)
(b)

By elementary means compute the magnetic field along the z axis.

Show by direct analysis of the Maxwell equations V- B = 0 and V x B = 0 that
slightly off axis near z = 0 the magnetic field takes the form

B, ~ o0+ 0y (22 — %pQ) , B,~—092p, (1)

where 0y = (B?) and 0 = 3 (%) are the field and its z derivatives evaluated at the
origin. For later use give o¢ and oy explictly in terms of the current and the radius of
the loop.

Remark: The magnetic field near the origin satisfies V.x B =0,s0 V- B = 0. We
say it is harmonic function'. Because the function is harmonic, the taylor series of B
on the z axis, is sufficient to determine the taylor series close to the z axis.

Now consider a second identical coil (co-axial with the first), having the same magni-
tude and direction of the current, at a height b above the first coil, where «a is the radii
of the rings. With the coordinate origin relocated at the point midway between the
two centers of the coils, determine the magnetic field on the z-axis near the origin as
an expansion in powers of z to z*. Use mathematica if you like. You should find that
the coefficient of 22 vanishes when b = a

Remark For b = a the coils are known as Helmholtz coils. For this choice of b the 22
terms in part (c¢) are absent. (Also if the off-axis fields are computed along the lines
of part (b), they also vanish.) The field near the origin is then constant to 0.1% for
2 < 0.17a.

!This means that B can be written B = —V where —V?2) = 0



Problem 3. A magnetized sphere and a circular hoop

A uniformly magnetized sphere of radius a centered at origin has a permanent total magnetic
moment m = m z pointed along the z-axis (see below). A circular hoop of wire of radius b
lies in the xz plane and is also centered at the origin. The hoop circles the sphere as shown
below, and carries a small current I, (which does not appreciably change the magnetic field).
The direction of the current I, is indicated in the figure.

z

(a) Determine the bound surface current on the surface of the sphere.

(b) Write down (no long derivations please) the magnetic field B inside and outside the
magnetized sphere by analogy with the spinning charged sphere disucssed in class.

(c) Show that your solution satisfies the boundary conditions of magnetostatics on the
surface of the sphere.

(d) Compute the net-torque on the circular hoop. Indicate the direction and interpret.



Problem 4. Energy of a wire and rectangle (Jackson)

(a) Consider an infinitely long straight wire carying a current [ in the z direction. Use the
known mangetic field of this wire, and the integral form of B =V x A

/SB-dS:j{dE-A (2)

to show that the vector potential for an infinite current carrying wire in the Coulomb

gauge is
P
27
Check that the Coulomb gauge condition is satisfied.

log p + const (3)

(b) Now consider a flat right rectangular loop carrying a constant current /; that is placed
near a long straight wire carrying a constant current I,. The rectangular loop is
oriented so that its center is a perpendicular distance d from the wire; the sides of
length a are parrel to the wire and the sides of length b make an angle o with the plane
containing the wire and the loops center (the dashed line below). In the schematic
diagram below, the current /5 in the long wire flows out of page. The orientation of I
is also indicated, i.e. the current lower edge of the rectangle (of length a) also comes
out of the page.

Show that the interaction energy

I
W12 — %Fl (4)

(where F} is the magnetic flux from I5 through the rectangular circuit carrying Iy), is

alil, 4d? + b? + 4db cos « (5)
472 t 4d? + b? — 4dbcos o

W12 -

4



(c) Using energy considerations calculate the force between the loop and the wire for
constant currents.

(d) Check that for large distances d > a, b the force computed in the previous sub-question
agrees with the appropriate formula for a dipole in an external field.

(e) Show that when d > a, b the interaction energy reduces to Wis = m - B, where m is
the magnetic moment of the loop. Explain the sign.



Problem 5. A half submerged metal sphere (UIC comprehensive
exam)

A very light neutral hollow metal spherical shell of mass m and radius a is slightly submerged
by a distance b < a below the surface of a dielectric liquid. The liquid has mass density p
and electrical permitivity e. The liquid sits in air which has negligble density p, < p, and
the permitivity of air is approximately unity, €,;; ~ 1. The pressure at the air liquid interface
is po. Recall that stress tensor of an ideal fluid at rest is T% = p(2)§” where p(z) is the
pressure as a function of z.

Air
Liquid T

(a) Use the formalism of stress tensor to show that p(z) increases as p = po + pgh, where
h = —z is the depth below the surface, z < 0. Here pg is the pressure at the surface.
Hint: what is the net force per volume for a static fluid?

(b) Use the formalism of stress tensor to prove that the boyancy force (for any shape) equals
the difference in weight of the displaced fluid volume AV and the corresponding weight
of the air:

F=(p— po)gAV =~ pgAV.
(c¢) (Optional) Determine the boyancy force in this case.

Now a charge () is added to the sphere, and the sphere becomes half submerged.

(d) Determine the potential, and the electrostatic fields £ and D, in the top and lower
halves of the sphere. Verify that all the appropriate boundary conditions are satisfied.

(e) What is the surface charge density on the top and lower halves of the sphere?

(f) Determine the electrostatic attractive force as a function of @, a, and e. What must @
be for the sphere to be half submerged? Make all reasonable approximations. Express
your approximate result in terms of p, g, a, €. Use dimensional reasoning to show that
for a light sphere,

Q = v/ pga® x function of €. (6)

(g) (Optional) Estimate ) numerically for typical liquids.



