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Problem 2. Inner product

For definiteness consider the canonical D3 (or triangle) group that we discussed in class in
two spatial dimensions. Take a inner product of two functions as simply

(f.h) = / & f*(x) hz) (19)

For example f(z) might be f(z) = exp(—2z?—y?) and h(z) = exp(—z? — (y—3)?). It is clear
that if we rotate both of these functions by 27r /3 and compute their inner product again we
will get the same answer

(a) Prove this statement, i.e. prove

(Or ], Or,h) = (£, 1) (20)

We say that the inner product is invariant under the operations of the group if
(Ogf, Ogh) = (f, ) (21)
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(b) Let Fie )(x) transform as a row (i.e. row a) of an irreducible representation (i.e. repre-
sentation (u)) of the group, i.e.
0, 1(@) = f{ (@)D} (9) (22)
Use part (a) to show that
(10, 1) = 96,50 (23)

where the coefficient C* is independent of row, but does depend on the representation.
Express C'™) using inner products of f}g“ ),

Use the “colorful” slides from class to heuristically explain this result.
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(c) Let the Hamiltonian H commute with the operators of the group
OHO, ' =H (24)

Show that
(9 HE ) = n6,,50 (25)

where h* is independent of a. Express h(*) using inner products of fé“ ) and H.
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