Problem 1. Torque on a box

Consider a solid box of mass m and dimension L, L, 2L (see figure).

t=20 t = 0 rotated

(a) Compute all components of the moment of inertia tensor around center of mass.

(b) The box is rotated with constant angular frequency w around its diagonal. At t = 0 the
box is oriented so that its principal axes eq, es, e3 are aligned with laboratory &, y, 2
as shown in the figure. Compute the components of angular momentum as a function
of time in the body basis and in the lab basis. For the lab basis you might want use the
fixed basis vectors e;, e,, e; shown in the figure, which differ by a constant rotation
from z, y, 2.
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(c) Compute the components of the torque required to maintain the box’s rotational mo-
tion working with the rotating basis. Compute the components of the torque working

with the fixed basis.

(d) (Optional) Use the Lagrangian framework to compute the required torques in the body
frame.



Solution:

(a)

The principal axes are clearly the x, y, z coordinate system
- / dm(y? + ) (5)
I, :/dm(gv2 + 2%) (6)
I,. :/dm(x2 + 4?) (7)

Working through the first example
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The other integrals work out by analogy

[yy = [x:c y (12)
while 5
I, =mlL*=—. 13
mL (13)
To summarize we have
g 1
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Body Frame: Then the angular momentum components in the body axes are
La = ]abwb <15)

The angular velocity components in the body axes are (wy,ws,ws) = 70(1 —1,2). So
we find
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L, | =200 5 1| =20 s (16)
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Lab frame components physical description: First consider ¢ = 0. Then at this
time then vector the body axes ey, es, e3 are aligned with Xx,y, z:

L|t 0= L161 + L2€2 + L3€3 L1X + Lgy + L3Z (17)
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Given the relation between the Xx,y,z vectors and e, e,, €4
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The matrix here is the transpose of the relations given in Eq. (1)
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It is straightforward to show that
L|,_y = I (~V2e, +3e;) (20)
At a later time L simply precesses around the e, axis
e, — sin(wt)e; — cos(wt)e, (21)
leading to
L(t) = lyw (\/5 sin(wt)e, — V2 cos(wt)e, + 3§3> (22)
Lab frame components mathematical description: The angular momentum is
L = Leea(t) = La(t)e, (23)
So taking the dot product with e, we have
Ly(t) =Leeq(t) - €, (24)
=L,Ru(t) (25)
where
e, = Rupe, (26)

R, takes the fixed basis e, to the principal axes e,.

R, is conveniently expressed as a sequence of rotations parametrized by Fuler angles,
¢, 0,1. First there is a rotation around the z axis

cos¢ sing 0
Ry = | —sing cos¢p 0 (27)
0 0 1

At t = 0, we have ¢ = 0. Later ¢ = wt. Then a rotation around the new x axis by
angle —@ which is the angle between the Z axis and w

2
cosf =z-w=— (28)

V6
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Here

1 0 0 1 02 O1
Ry=Ry(—0)= |0 cos® —sinf| =] 0 /35 —5 (30)
0 sinf cosé 0 L \/E
3 3
Finally we have a rotation by ¢» = —7/4 around the z-axis around the z axis
1 1
S
Ry=R.(-7m/4)=| 5 5 O (31)
0 0 1
The matrix then is
R=R,(—7m/4)R.(—0)R,(wt) (32)
So we have
(Ll Ly L;) = (Ll Lo L3) Rs- Ry - Ry (33)

Only the last matrix is time dependent. Multiplying out these expression we have
L = Iyw [\/ﬁsin(wt)gl — V2cos(wt)e, + 323] (34)
This can also be obtained from geometrical considerations as done above.

Body frame: The torque in the body frame is

dL
dL,
=€ +wx L (36)
w Tow
=——(e; — ey + 2e3) Xx — (be; — ey + 4e 38
7 (€1 — ey 3) NG (5e1 2 3) (38)
=Iyw? (e; + e) (39)
Lab Frame: Here we differentiate Eq. (34)
dL
== Tow? | V2 cos(wt)e, + V2sin(wt)e, (40)

The connection between the Lab Frame and body frame formulas can be realized by
examining the ¢ = 0 case where we see clearly that

er(t) + ea(t)],—o = V2e, (41)
At a later time e () + e2(t) is simply rotated by an angle ¢ around the e, axis leaving

el (t) + ey(t) = V2 (cos(wt)e, + sin(wt)e,) (42)



Problem 2. (Landau) Forced oscillations the easier complex way

(a) Determine the retarded green function of the following equations:

(i)
da

i iwpa =0 (43)
(i)
#4 i =0 (44)
(b) Consider the driven harmonic oscillator
oo [()
A 45
T+ wyx m (45)

Write it as an equation for a = & + iwzx, and use the Green function of (a) to find the
specific solution, a(t).

(c) Suppose the force approaches zero for ¢t — +oo. If the oscillator was initially at rest,
determine the total work done by the external force. (You should use the complex
variable a(t) for this calculation.)

The fourier transform of a function is defined as

fw) = / et (46)

You should find that the energy absorbed is proportional to | f (wo)l?.

(d) Consider the specific force

0  otherwise

f(t):{FO O<t<7' (47)

Determine and plot the energy in the oscillator for t — oo as a function of wy7.



(a)

(i)

(i)

For the first equation we try to solve

<% — iw) G(t,to) = 0(t — to) (48)
It is a first order differential equation. For t > t; the general solution is
G(t,tg) = Ae™! (49)
For t < ty the retarded Green function is zero:
Gt tg) =0 (50)
Then integrating Eq. (48) from ¢ =ty — € to to + € gives

G(to + €, to) - G(to — €, to) =1 (51)
————

=0
So we may adjust A so that this (Eq. (51)) is satisfied yielding
G(t,tg) = O(t — tg)e™ot—t) (52)
For the second equation we solve for t > t; and find
G(t,tg) = A+ Be ™ (53)

while for t < 0 the green function is zero. Demanding continuity at ¢ = 0 of these
two solutions we find we find

Gt ) = A(1 — e~t=t0)) (54)

To determine the remaining constant we integrate from ¢y — € to ty + € yielding

to+e d2G d to+e
/t (W + U£G> = /t (5(t — to) (55)

0—E€ 0—E€
yielding
0 Gt to) e + nG(t to) g Te = 1 (56)

So since G — 0 as t — tg we find
0,G(t,tg) = 1. (57)

This fixes the coefficient of A in Eq. (54) establishing that

G(t, tg) = %(1 — e MGt — 1) . (58)



(b) We write

O e = b wm) — (i + o) (59
— = — (T 4+ iwz) — iw(T + iwx
az 0t T g
Thus the equation of motion is
da f(t)
— —wea = 2 60
o wea p- (60)

Using the Green function we find

mwz/fdmﬂMGmm> (61)

oo

t
_gient / dto f(to)e 0" (62)

(c) For the specific force we can integrate

Y N A
t — twot ~ Y dt woto 63
aft) = =0 [ atge (63)
yielding
a(t) = eot (1 _ gty (64)
—iWem
The energy is
I o 1 5y
E(t,T) =gmd” + omuwpe (65)
m
=Ja(t, )P (66)
215 .
— 2 67
— sin”(wy7/2) (67)

In the limit of a short force wyT < 1 the impulse is Fy7. So, the velocity after the
impulse is v = (Fy7)/m. And the energy in the oscillator just after the impulse is
1/2mv? = (Fy7)?/2m. Expanding our expression in Eq. (67) for wyT < 1, it gracefully
approaches (FyT)?/2m.



Problem 3. A quick review: motion in a magnetic field

Consider a homogeneous magnetic field By in the z direction, and a particle of charge ¢
moving in three dimensions in a harmonic potential well U = Imw?p?, where p = /22 + 12
is the distance from the z axis.

()

(b)

2

Show that for a homogeneous magnetic field the vector potential A can be written
1

(Optional) Show that other ways to write the gauge field are
A = By(—y,0,0), (69)

or

The choice written in part (a) is most convenient for this problem.

Write down the Lagrangian for the particle in cylindrical cooridinates. It may be
notationally convenient in what follows to use the cyclotron frequency

qBy
= —. 71
wp =5 (71)

instead of the magnetic field.
Determine all conserved quantities.

Show that the equation of motion for p takes form

OVer
dp

mp = — : (72)

and determine V.g.

For different values of the parameters initial conditions (or conserved quantities), the

motion will be qualitatively different. Describe the range of parameters which corre-
spond to figures (a) , (b) (¢), and (d) and (e).

Show, for instance, that case (c) is when p,; > 0 and
2
w
EL > py—o 73
1> Pogz (73)
with £, = E — p?/2m.

Hint: Consider three cases pg > 0, pg < 0, and pg = 0. Pay attention to the arrows in
the figures.
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(a) Just differentiate:
B, = 0,A, — 0,A;, = By

(74)

(b) These are the same as part a. The two different forms for A differ by the gradient

of a scalar function .
BO<_y7 07 0) = §BO(_y7 xz, 0) - VA

with A = %ngy
(c) We have

1 1
L zém(x'Q + 92+ ) + Ty . A- §mw§p2
c
QBQ 1
2

2c 2

Now one can recognize zy — yx as being proportional to the angular momentum

(—dy +gz) = p°¢
So the final Lagrangian is

1 ) . o1
L= §m(p2 + p?¢? %) + mwpp®p — §mw§p2

(d) The momentum is conserved
Pz

The conserved quantities are the angular momentum

oL 9 9
=—=1m + mp“w
Pe 00 e P Wi

We note that

The energy is conserved
h=ps¢ +pyp— L

1 . 1
=-m(p* + p*°+) + smwgp?

2 2
We note that the energy is
1oy (ps— mp2w3)2 Loy
h =5mp + 2 + 5w

1. P, 1

:§mp2 — ppwp + (2mp2 + ém(w(z) + w%)p2>
r .

:amPZ — pewn + Ve (p)

11

1
=-m(i* + §* + ) + —(—dy + yx) — =mwip’

(75)

(79)

(80)



(e) The equation for p is
mp = mpd? + 2mwppd — 0,U(p)

with U = $mwjp?®. Substituting Eq. (82) we find

_toe 2
mp =5 T WP 9pU (p)
Vg
== %
where )
Py 1 2 2\ 2
Vet = 2mp? + §m< 0+ wg)p
(f) We first define
p?
E,=FE—--—*%
+ 2m

and
E=FE| +pywp
The motion has

1
€= 5mp2 + Ve (p)

If py is negative then _
¢ <0
This is the case in (d) .

If p, is positive qb could be positive or negative depending on p

; p
¢ = —¢2 — WB
mp
It is helpful here to set m = 1 and to define
1
Thus .
¢ = ppu — wp

So, the system will be switch from ¢ positive to negative for u less than

wWB
U < Uerit = —
Py
or
wp

In order to reach this value of p the energy needs to be sufficiently large.
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The turning points in “u” space is found by setting p = 0

2 2 2

D¢ 1 (wg +wp)

g Po, 1 ) 101
2T (101)

The two roots of this equation are

E+ \/52 — pi(wh +wp)
U+ = 3
Py

(102)

We immediately conclude that the lowest possible £ (which corresponds to a circular orbit

where u;, = u_) is
E™ = pyr/wd + Wi — pswp (103)

The relevant question to ask is wether u_ (the greatest p) satisfies u_ < wp/pg. If this
is the case we will have ¢ negative corresponding to case (c). Setting

E— \/52 —pi(w% + w?) W

pi = E (104)
and solving for the energy we see that
w2

Eerit = PyWB (1 + ﬁ) (105)

So we have )
ESt = %‘: (106)

To summarize we have . .

E™ < E < E™ (107)

Then we have case (a). Case (b) is E = ES® and (c) is £ > E$t.

Finally we note that case (e) the particle goes right through the center. Looking at the
effective potential at small p, we see that

p;

2mp?

Vg o (108)

Thus it is only possible to pass through the origin with finite energy if p, = 0.
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