
Wave propagation

• ets return to . the discrete case and

discuss boundary conditions
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•• Consider a finite chain with periodic B.C .

qj with j= - N/a
,
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•• Then exactly as before we would look for

eigen solutions
.
1 We will not use the summation

convention in this section )

qj
= Ak Ekjeiwt ( no sum )

od Then as before we find eigen - vectors tavakees

Ekg. = eikxsi w - t w Ck )

Now however we must have qng=G-Nh
or

k Na = 21Tm ⇒ k Itm
L(

integer



•• However not all m lead to independent
solution since ( L -- Na

, xj = ja , km=2ñmk )

eikmxj = eizltjmln,

Thus
,

MTN yields the same solution as m
,

and we can take the set

km =
m m= - Ng . . . . . . Ng - I
-

N modes•• We have found N
eigen

modes and we can use this as a basis
÷

for the complete solution :

Gj =L I Am eikmxj-iwlkn.lt
L m

* + Bmeikmxjtiwlknt
inserted for convenience

If
qj

is real the term with - km in the

B terms
,
must match the term with km in the

A- terms leading to B.m= ARE
,

i.e
.

qj
= I Am eikmxj - iwlklt + c. c.1-

m
L ← complex

conjugate
of first

term



•• Finally Lets take the limit N -ooo

and a -00

E. → fdm=f :#
Am → Alk )

Leading to a fourier integral representation :
00

qltix )
= folk ACK )eik×

- iwkt
+ c. c.

21T
-as

⑧ Lets write out c. c.

→
d¥Ack ) eikx

-

iwckltyget,x)= Re [ [



>

ropagation of Wave Packets

• Now let us consider the propagation of a

superposition of waves

#j
typical form

• The wave solution takes the form

of list )
= Jdzkg
,

Ack ) eikx
- iwckit

we will take complex waves here
.
In general

one would insert
"

real part
"

everywhere but

that would lead to unnecessary complications
,
with

no insight .

• The wave form at tso determines the

coefficients Alk )

00 A

qlx, o ) = J dy Alk) eik× ⇒ ALKA =Jd×uc×,o) Eik
"

-•
21T

-a



• These are Fourier transforms
,

lets recall
some properties of Fourier transforms

.

(A tutorial type problem is optional on the

next homework )
00

§ Ck ) E) dx e- ikxfcx ) Definition

-

oo

f- (x ) J
,

!d¥eik× FCK) Inverse

• Then DO THE HOMEWORK

Space K - Space
- -

gaussian r

• → Yo G (x ) = e-
44202
⇐ G Ck ) =znfoT e-

"042

Phmaasiees fix) = eikon
gcx ) Ff Fck ) = of Ck - ko )

translation

fan =

g ( x
- xo ) ⇐ Elk ) = e- ik" ng Ck,

•• The uncertainty principle States that if

Cox )
'

I Jdx f-Cx ) I
'

( x - I )
'

(OKI
'

Jdztslfckll
'

Ck - IT
,
find

DK 0×442 , with equality holding uniquely
for Gaussian

.



• The typical wave packet

(X
,
O ) = Gcx ) eikox Guys, e- ×Yzo2of
[

Gaussian

Baa Then use table

foxes
"""

€itm
..T

ko 10K D1

wavelength determines ko

• We have Ack ) =€o5 e-
'sik - Koto

'

oooo No we have at future . times
i

q txt )
= 13dg
,

Ack ) eikx - iwcklt

Now we can expand near ko
,
since Ack ) is

Alk ) is narrow
.

WCK ? Two t U (K - ko )

9 9

So :

who ' " = ddYg/ group velocity



So

oflx,t ) = eilttko
- Wo 't

f dk eiklx - th t )AIK)
-
÷

phase

• Thus since Alki was the F-Trans of qlx,o7

qcx.tl = eilukiwdtqlx - Ut , O )

Since qcx.co ) = Glx)eik0× we have

qcx.tl = ei(ko× - Wot > 6 (× - Ut )

• So we see that the envelope -61×1 of the

wave form is shifted by Ut with
-

-

Lt = dw ← this is the

FK ) speed of the
ko packet

[
group

-velocity

• Notice that the trajectory follows the points
of stationary phase :

2- ( Kx - WIKI -1-1=0 ⇒ X - Ut :O

2k



- variational problem and dispersion

•• Lets recall for an infinite chain .

of springs,
found the dispersion curve :

WCK) = I 2wos.in/kga ) Wo
-

- JI
m

with

voswoa
I Ivo K (I - 11gal

'
t

.
. . . .

I
24

• Let's see haw the continuous theory can

reproduce this result
.

Consider the action

S - fdtdx ( fu# gi
'

Hgh tcldxgl
'

)

Then we vary the action
,
e. g .

125g )
'

→ (2×29+25895
z 2 2 2

- (2x g ) +212×8 ) 2×89

• So

SS - fdtdx C µ2tg2+sq - Ydxgdxsgt 242584255g )
T

2x integrate by parts&
integrate by parts ignoring all
boundary terms



• Find

SS = Jdtdxf - 2µm 2+81 # 2×42×91 -1222×142×2811 ) 8g

So the EOM is

- at lmdtg ) t 2×42×9 ) t 22×442×914=0

• Treating the parameters as constants

we substitute
g
= A eikx - iwt

µ
WZ - Y K

'
t 2C K " = 0

For CK " d YK ' we find wst.ly/nk2 - fuk
" ) "2

w - tf k ( I - §
,

K2
.
.

. . .

I

• Thus by choosing C and Y

ftp.woa and by - aye
,

we can reproduce the microscopic theory .

* In general by adding more and more

derivatives to the action
,
such as (2×397 , even

higher terms of the micro - theory can be reproduced
by tuning the

"

low -energy
" constants such as C

in this case
,


