C  Fourier Series and other eigenfunction expansions

We will often expand a function in a complete set of eigen-functions. Many of these eigen-functions are
traditionally not normalized. Using the quantum mechanics notation we have

1
|F) = ; F, N |n)  where  F,=(n|F) and  (ni|ng) = Cn,0n,n, (C.1)
The inner product (in 1D) will have the form
b
(F|G) = / dzr(z) F*(x)G(x) (C.2)

where r(z) > 0 is a positive definite weight function. In what follows we show the eigen-function in square
brackets
More prosaically these conditions read

F) =Y Fu g [0n(o)] . (©3)
Fa= [ dor(e) (03] Fla). ()

b
[ dor@) [0, @] @) =Co B (©5)

We require that the functions are complete (in the space of functions which satisfy the same boundary
conditions as F)

1 1 0 IN /
zn: c. [ny (n| =1, or zn: C—nz/}n(:v)wn(:c )= —=d(x —2a'). (C.6)

We give a list of the most common eigen functions:

(a) A periodic function F(x) with period L is expandable in a Fourier series. Defining k,, = 27n/L with
n integer:

F(z)== Y_ [¢*"] F, (C.7a)

L
P, = / de [e**] F(z) (C.7h)
0
L . .
/ dz [e ] [e*n'®] = 6, (C.7¢c)
0
I ik (o
7 Z et (@ )226(x—x’+mL) (C.7d)
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The last identity is known as the Poisson summation formula. Eq. (C.7d) can be rewritten by fourier
transforming [ dz e*** both sides

%Z 25 (k - 22") => ekmh, (C8)

(b) A square integrable function in one dimension has a Fourier transform

F) = [ O:o % €] F(k) (C.9)
F(k) = [ O:o dz [e7™**] F(2) (C.10)
/D; dz e *=F) —on§(k — k) (C.11)
[ Z % CKG—) _§(z — /) (C.12)

You should feel comfortable deriving the Fourier transform from its discrete counter part Eq. (C.7) by
taking L — oo.

(¢) A regular function on the sphere (6, ¢) can be expanded in spherical harmonics

0o 4
F(0,0) =Y > [Yem(6,0)] Fom (C.13)
=0 m=—¢
Fy :/dQ Yo, (6,0)] F(0,9) (C.14)
[ 492 15,06. ) Wi (6. 9] =08 (C.15)
oo 4
DS Yom(0,0)] V5, (0',¢)] =6(cos 0 — cos0')3(¢ — &) (C.16)

=0 m=—1¢

(d) When expanding a function on the sphere with azimuthal symmetry, the full set of Y, is not needed.
Only Yy is needed. Yy is related to the Legendre Polynomials. We note that

20+1

Y0 = Py(cos ) (C.17)
v
A function F(cosf) between cosf = —1 and cosf = 1 can be expanded in Legendre Polynomials.
. 20+1
F(eos) =3 Fy =2 [Py(cos ) (C.18)
=0
—1
Fy :/ d(cos @) [Py(cosb)] F(cosh) (C.19)
~1
! 2
/_1 d(cos 8) [Pp(cos 0)] [Py (cos0)) :méw (C.20)

? [Py(cos 8)] [Py(cos0")] =(cosf — cos @) (C.21)
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(e) A function, F(p) on the half line p = [0, 00], which vanishes like p™ as p — 0 can be expanded in

Bessel functions. This is known as a Hankel transform and arises in cylindrical coordinates

F(p) = [ kdk (o)) Fn(8)
Fulk) = [ oo 1 (ko)) (o)
/ " pdp L(oh)] (k)] =0 — K

/OOO bk (k)] U (0] == = o)

(C.22)
(C.23)
(C.24)

(C.25)
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