Problem 1. A conducting slab

A plane polarized electromagnetic wave E = E;e’**~*! is incident normally on a flat uniform
sheet of an excellent conductor (o > w) having thickness D. Assume that in space and in
the conducting sheet © = € = 1, discuss the reflection an transmission of the incident wave.

()

Show that the amplitudes of the reflected and transmitted waves, corrrect to first order
in (w/o)'?, are:

ER B —(1 — 672/\) (1)
E; _(1 —e )+ (1l +e )
Er 2ve™*

B (e b4 e ) 2

where

and § = y/2/wpo is the skin depth.

Verify that for zero thickness and infinite skin depth you obtain the proper limiting
results.

Optional: Show that, except for sheets of very small thickness, the transmission

coefficient is
8(Rey)2e~2P/0

5
1 — 2e=2P/% cos(2D/§) + e=4P/0 (5)
Sketch log T as a function of D/§, assuming Rey = 1072, Define “very small thickness”.
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Problem 2. In class problems

(a) Consider an incoming plane wave of light propagating in vacuum

EI — Eoeik:z—iwte ) (6)

The light is normally incident (i.e. with angle of incidence §; = 0) upon a semi-infinite
slab of dielectric with ¢ = 1 and dielectric constant e, which fills the half of space with
z > 0. Use the reflection and transmission coefficients discussed in class to show that
the (time-averaged) force per area on the front face of the dielectric is away from the
dielectric (i.e. in the —z direction) and is equal in magnitude to

F7| 1 ,(n—1
A _2E0 n+1 (7)

Consider an incoming plane wave of light propagating in vacuum
E; = Epe™ e, (8)

The light is normally incident upon a slab of metal with conductivity in ¢ and p =
e = 1. In class, we evaluated the (time-averaged) Poynting vector just inside the metal
and computed the (time-averaged) energy flux into the metal per area per time:

($-m) = oy 2E )

Show that this energy flux is equal to (time-averaged) Joule heating in the metal.
(Hint: for ohmic material the energy dissipated as heat per volume per time is E - J
— I understand this result as ¢FE - v/AV = (forcexvelcoity)/(Volume).)
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Problem 3. Snell’s law in a crystal

Consider light of frequency w in vacuum incident upon a uniform dielectric material filling
the space y > 0. The light is polarized in plane (as shown below) and has incident angle 6;.
The dielectric material has uniform permittivity € and p = 1.

(a) Derive Snell’s law from the boundary conditions of electrodynamics.

Consider light propagating in a crystal with ¢ = 1 and dielectric tensor ¢;;. Along the
principal crystalline axes €;; is given by

€1 0 0
€ij = 0 €2 0 y (10)
0 0 €3

and thus, along the axes D; = ¢;F; (no sum over i).

(b) Starting directly from the Maxwell equations in the dielectric medium, show that the
frequency and wave numbers of the plane wave solutions E(t,7) = Ee*"=%! in the
crystal are related by

2
det (kz’kj — k%6 + i 5Z-~> =0 (no sum over ). (11)

c2

Now consider light of frequency w in vacuum incident upon a dielectric crystal. The light
has incident angle 6, and propagates in the x — y plane, i.e. k, = 0. The incident light is
also polarized in x —y plane, and the axes of the dielectric crystal are aligned with the x,y, z
axes (see below). Only the y axis of the crystal has a slightly larger dielectric constant than
the remaining two axes,
€ 0 0
€ij = 0 € (1 +(5> 0 s (12)
0 0 €

with 0 < 1.

(c) Determine angle of refraction (or sinfy) including the first order in ¢ correction to
Snell’s law.

(d) Is the refracted angle smaller or larger than in the isotropic case? Explain physi-
cally. Does the angular dependence of your correction makes physical sense? Explain
physically.

(e) If the incident light is polarized along the z axis (out of the x — y plane), what is the
deviation from Snell’s law? Explain physically.
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Figure 1: Snell’s law geometry
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Problem 4. Analysis of the Good-Hanchen effect

A “ribbon” beam' of in plane polarized radiation of wavelength ) is totally internally reflected
at a plane boundary between a non-permeable (i.e. p = 1) dielectric media with index of
refraction n and vacuum (see below). The critical angle for total internal reflection is 69,
where sin #¢ = 1/n. First assume that the incident wave takes the form E(t,r) = Ejetkr—ivt
of a pure plane wave polarized in plane and study the transmitted and reflected waves.

\/0\(\.\&\“\

(a) Starting from the Maxwell equations, show that for z > 0 (i.e. in vacuum) the electric
field takes the form:

Bs(z, 2) = Epe #(V/n?smb 1)z it 8 3)

(b) Starting from the Maxwell equations, show that for §; > 6% the ratio of the reflected
amplitude to the incident amplitude is a pure phase

ER ; o

0 — Z¢(9176[) 14
2L (14)
and determine the phase angle. Thus the reflection coefficient R = |Er/E;|> = 1
However, phase has consequences.

(c) Show that for a monochromatic (i.e. constant w = ck) ribbon beam of radiation in
the z direction with a transverse electric field amplitude, E(z)e?*:*~%! where F(x) is
smooth and finite in the transverse extent (but many wavelengths broad), the lowest
order approximation in terms of plane waves is

dk

B o) —e / G Al)er e (15)

where k = w/c. Thus, the finite beam consists of a sum plane waves with a small range
of angles of incidence, centered around the geometrical optics value.

By a “ribbon” beam I mean a beam which has finite transverse extent in the direction perperndicular
kr lying in the z-z place as drawn above. But, the beam is infinite in extent in the y direction (coming out
of page in the figure above) . Thus the incoming and outgoing “ribbion” beams form a kind of wedge.



(d) Consider a reflected ribbon beam and show that for 8; > 69 the electric field can be
expressed approximately as

ER — ERE(ZL‘H _ 5x)eikR-T—iwt+i¢(91,9?) (16)

where €p is a polarization vector, 2” is the coordinate perpendicular to the reflected

wave vector kg, and the displacement dz = —%% is determined by phase shift.

(e) Using the phase shift you computed, show that the lateral shift of the reflected in plane
polarized beam is

A sin 6 sin? 62
Dy=——=—= I-z 02 12-20 (17)
T \/sin? 0; — sin? §9 sin 07 — cos 07 sin” 07
\ "’\\‘\
N\
\>\\
Cewer \/‘S\)\\F’/ Conter ot re“ede(g

O" ARLC '\c[“\ewxs\

. N \\‘6\\*
\A X



1Geos= Wi achea _Effect

A - —

\/ AL

Hm
(;
L K§<i\
N ><
/><><.‘
. e
Y
<
M
|
l
Lo
|
H ]

Q T< - l—’ SN S —
i) . « X - g o
Ce o o LN ¥ R
) __C_]__-___C_l. €. + tg e o e
R NS
S - IR A ' ~
E = E e T ) . e
bY T, .
» ’ T~
. (o X 7z A 2 > 2 <>
] k‘_ = WwNn = k k = ) - '!'_t'\Csa Come
i . R 5 o nEse  COmE |
! = c ( / = feom Delwmholtz
Fr‘am Ahe. Contimuty  of  dhe EChase —
i@
5 -~ D — S - S
(k;{ax }‘5(_’6‘@&() = (k'r x_)
T=o €

eor

So

Al
A
W,
J
©
\
~
A
X

3
|5
[,)!
.
O
1
-
-4
~

Avy}\ \ 1(1 -\-\,(-‘l = W)




| Fromn Ax (H.—1 ) =0

Land |\

—— —5——

ex E = A

\’|
€
>
0
Q
n
u

5 )

- "'\:" - a—

2 B

¥ WY

v LMQ w-\*_\,\ :

Y
0
o)

5 |
>
~N
0
o

So - S
! qE_‘.M‘.,x; — <__‘g:;¥ "'E_.R.x \ —C.) -

T R

N} \«.,Jf»t‘; 2 Wle

, _ i
l L4

| Eix= -E _cos0  --F ko __-IE_ K,
: O T T T ==

i

i

R \
= -1 ( a*snze )" E‘\‘

—

= Cose_‘.‘




So  the  eas fo be Solved oxe ©

V

1

(E£+ER3-nE?=O we wsed

\

oY

\

cun @

"E- COS@L '\'(E-‘— ‘Ea)C(ﬁ@«-zO
] \ —— ™ -

So

A3

; h‘(E..‘\- ‘E,.\ = E.. - -
| . = K

"ﬁ‘(gfi\—ER—) CoS 6"‘\“ +(\E£—Eg\co5©1—_— O

E_i (C_OSGE ‘ﬂQoSe-‘r\

g EA
K

—— ————

( coS(—D_,\_ 4 N Cc&@T\,

So wnee, (o5 6_‘_ S Pur&l\_») lmo\gino\xv\)

) b

C‘Y = \ﬁ\ls‘m"‘@ =)

— -

E:— C— ’k‘-\V\c-..
L \

| C_= cosb,_
= - J
o g, R ™ auldc-2ai(ne) ]
& ke Sl




)

_ -\2 L\\C k ) &= exact —é
a$ )
2 \ \( =(o Kk ) “—  Cendral. Kk
T, ¢ _\,_ o 3
TAKY

Ee) = \dnk A (Ak) e

Jm

The  evoch Q"\e\o\ An _FoLmer

A ———
VAR

3 paces

'"L) =
Fl= 2 E e

.1
VAKX -\-\Kb‘E

—root

A (AK)

b&\\ex e Q ’ é(\L) -

0

US'\nb k = I/E:"\'(L\\()"' = ‘(a C oond

=5 -
'k‘€:O ECM

o ¢

We  thowe ©
N
c I = < (t'f—f—lw
exact 0 E(xze)= \ Aok EGy AW e BKX *
J 2w
5 —=—p e
E(xlzi{_') = g_,, a\&/_ A‘A‘ﬂ 1Bk y FiKE =W

J ox




Nou.) Consider e refleclion o( the

wane P«c(ﬁr_\' . wWe  decived Ahek 2

- ]

EQ= S PP e ( (hnplbade)

———

— Nk
A \fe E = (e -k )
2anN/ NP - o
=+ ° \%% 8@((492 _
3 ERtE
n__ T = r_’.——‘:—r ﬁ\
L B, ®FT e | E &) o &P™Aamy doy
f t 3 R—% e -
. ey ¥
e e d)'(@i\' S o ‘cuwxc Hon ol izI
From th is fic L re , we see fhak  dheot
anamgin% \<G—’ Ty nk deanges  the amgle °
0¥ = % 4k
k—_.
A Al “ —
7S S6 -7 -Tp .se]
[/, | ¢ \
N V4 ‘
kot Ok ,./ 7( Thus ouddno AKX Otec_reaées
/"éb)/l:o Yhe ouv\oé\o_ ° ob _incidence




U?OY‘ F&&\e_d\o«\ kz‘é S rc\o\)ren) ko \(1

-
K = (B vB¥) = (kn®L36) K cos@t56))
T 0 X T I 7 T T

—\:,, = ( \ﬁs'\n'(é}:\-sez\ /'kcod@:*%@t) \

|4

= k ‘(S'\GQI;(OSG:L.\ + k88 (cos6. S'm@_l.)

\ - |
C A

—

—o _ =0
\<7 ndll 0\ S Eg

Thws O g Qoh,é)m%aka. to o Shift in  dlhe ',—‘)\:

N

direction . Hece X annd

\ ’i cre Yo coordinpkes

Shoumn bhelow,

A "o
—aked XN
“NE
\\l
The reflected  wowe s
~° ( VAR T Wt
E (Q’Ji",’c) = g@ (A_Alc LK ¥ e\k‘e GCP(@X\ A8




So ex Qoun dino

¢ ) = b se.
ECR
= & - 40 oH
d0. X
SO | Fouuv-'\\e,y— "(Po\mS?‘(Br m'\n%
-~ ‘\)o i —LU\’; %.'
E. = ¢ \ « Al e
R R
R . Ol
E, = £° EC-(-82) ) & &
N
S — <
Yg;(\' = - c)\d_) | - We olso see Ak

the  wowe form s

tnverted  relative Yo

fhe  polacizebion vector




e Llogh part 15 &)\%&\or&

C)(el)

= - 2 odoun rL_CT

C

T

urme s

u
Ui

foun é (@:‘)
2

5,
X

SQ \/\—Sme

96 . 4 [

22 deg 06 \S} <7 / \

%
.---—‘

i

ol¢ = —ZCGSZ(?S/Z) d Y )
7 _de\x)
So UsS\Nnag makhemak {coo s
@
_ o+ 2 Sme 3:

5 I

1
K

\< (Sm"'@,“sz )VL (s? - c2s L)

.
X

(S

S-\Y] @1_- So —

Tp—
-

S
T

( $1atP “S2Y™ (§1020 - (o8O 313
e An O O




= Doing derivatives for Goos Hanchen.
Inf130j- YY = 8qrt(8in(@]~2 - 8,~2 )

Qul130)= '\/ sin(e]? - s?

3= XX = §,°28qrt{l - 8in[6]~2)

oul131}= '\/ 1-sin[e]? 83

n1321= rr = Sqrt[xx*2 + yy*2)

Ouraz)- \/Sinlel2 -85+ (1-8in[6)?) 88
(» Compute -1+dphi/dthotal )
inf137]- =-Simplify( -2 xx~2/xr~2D[yy/xx, @] , Assumptions +» Cos[@) > 0]
2sin(e) 82

\/ Sin[e)?-s? (sin[6)?-Cos(6)? s3)

(+ Alternate mothod we return to ER/EI = Exp[I phi] or phi = -I Log [ ER/EI ] =)

ou[1371=

niregj- ~FullSimplify[D(-ILog[ (yy - I1xx)/ (yy + Ixx)], 6], Assumptions -+ Cos[@] > 0]

2sin(e} s

\/s:'m[e;]2 -83 (sin{e)?-cos (]2 s2)

Out{128}=



Problem 5. Reflection of a Gaussian Wave Packet Off a Metal
Surface:

In class we showed that the amplitude reflection coefficient from a good conductor (w < o)
for a plane wave of wavenumber k& = w/c is

Hgr(k) 2w , 2w\
=1 =/ —(1=2)~ 1=/ —— ig(w) 18
e ) 0] ot (18)
where the phase is for w < o:
2w
P(w) =4/ —. (19)
o
Consider a Gaussian wave packet with average wave number k, centered at z = —L at
time ¢t = —L/c which travels towards a metal plane located at z = 0 and reflects. Show that
the time at which the center of the packet returns to z = —L is given by
L o,
t== 20
c * 2c (20)

where the time delay is due to the phase shift d¢(w,)/dw, and §, = /2c/ouk, is the skin
depth.
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