See "Technical note on computing radiation fields"
Problem 1.  (Optional) Electric field in the far field
@uek check the notes online—The scalar and vector potential in the far field are

1 3
olt.r) = [ Erap(ir) (1)
1
Ar) = [ draTr)e 2)
4mr
where the retarded time 7' =t — |r — 7,|/c in the far field is
T=t—rfct+ 1o (3)
The goal is to compute the electric field
1
E(t,r) = —Ef)tA(t, r)—Vo(t,r) (4)
(a) (Optional) Consider the change of variable t,r, — T, 7,. Show that
g 0
9T o (5)
0 0 n 0
= ~ 2 6
(8ro)T (8r0>t c ot (©6)
(b) (Optional) Compute
0 0
< S -
(8t ten 8r) 0 @)

You should find a simple result. Interpret the answer using the definition of T'

T = the time when the light should be emitted from r, to arrive at the observation
point (¢, 7).

How do you interpert the derivative: It is the derivative moving with the light.
9 9 If you change the observation point (1,r)

(& +cn - E) to (t +dt, r + cndr) the light (Rg

emitted at (T,r0) will reach both

(¢) (Optional) Show that of these points without changing T or r0.

po 1 / 0J(I.r,) m 1 / Op(T, 1) )

 4mrc? oT ¢ 4 oT

(d) (Optional) Use current conservation to express

op(T,ry) - n 0J
a—T——(VTO'J)T—_(VrO‘J)ﬂLZ'a_T

where (V,. - J); denotes the divergence at fixed observation time

1



(e) (Optional) Conclude that only the transverse piece of the current to m contributes to
the radiation field

1 1
the part of 0;J transverse to n
o | P 1 10J(T,r,)
B c Admr [, c OT




Problem 2. Dipole Fields

Consider a small ectric dipole with harmonic time dependence, p(t) = p,e~**. Recall that
in homework 6 we determined the electric field through order w? in frequency using a quasi-
static near field expansion

3n(n-p(t) —pt) n(n-p)+p
47r? mrc?

B(t) = (14)

The purpose of the problem is to examine the transition to the far field, by computing the
exact electric field as a function of radius.

(a)
(b)

Define near and far field. Express your results in terms of the wave number k = w/c.

Start from the exact expressions

ot ) = / i, PL0To) (15)

“4rm|r — 7|

J(T,r,)/c
At,r) = | dr,—2 16
) = [ dn el (16)
where
Ty T Tel Ly T T (17)
c c c
and assume harmonic time dependence of p(t,,7,) = p(r,)e ™ and J(t,,r,) =
J(r,)e ™" without making a far field expansion show that
e—iwt+ikr
= mop,(1—i 1
pltr) =S, (1 ihr) (18)
e—wt—l—ikr
A(t,r) =—ik 0 19
()=~ ik p (19)

Show by direct differentiation of the potentials A and ¢ that in the far field you recover
the result given in class

]{32 e—iwt-‘rikr

E=——[-nxnxp, 20
—[-nxnxp) (20)
Comment on all qualitative features.

When differentiating, note carefully the contribution from A and ¢, and how they

conspire to make a field E which is transverse to n.
Show that in general

E(t,?") _ 6—iwt+ik'r 3”(” ’ po) — Do . ’Lk)3n(n ) po) — Po 4 kQ —n Xn Xp,

21
43 472 Ay (21)

Comment on all qualitative features. Write Eq. (21) in coordinate space expressed in
terms of p(t.), p(t.), and p(t.) with t, =t — r/c (compare to the typed course notes
sec. 11.3), and show consistency of this result with the near field result derived with
quasi-statics.
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Problem 3. Radiation in the lowest Bohr Orbit

In the Bohr model, a classical non-relativistic electron circles a proton in a circular orbit
with angular momentum L = A, due to the Coulomb attraction between the electron and
the proton.

(a)

(b)

Recall that that the electron kinetic energy is half of minus its potential energy (for
a coulomb orbit). Recall also that the lowest bohr orbit has velocity, 5 = « where
B =w./c, and a = €*/(4mhc) = 1/137. Prove these statements.

Write down the (total=kinetic + potential) energy and radius of the lowest Bohr orbit
in terms of the electron mass, m., h, ¢ and a. What is the size of the Bohr radius a,
compared to the electron compton wavelength, i.e. a,/(h/(m.c))?

One of the difficulties with the Bohr model, is that classically the electron would
radiate. Determine the energy lost to radiation per unit time, for an electron in the
lowest, orbit.

Determine the energy radiated per revolution in the Bohr model, AFE, and compare
AFE to the (kinetic+potential) energy of the orbit, i.e. compute AE/FEqpi. Express
AFE/Eqmit in terms of the fine structure constant, and estimate its value.

If the electron moves in the z,y plane determine the time averaged power radiated per
solid angle, dP/d). Use a complex notation 7(t) = ag(X + iy)e e’

You should find o
dpP e2 1
dQ  16m2c3 2
where w, is the angular velocity of the electron

(1 + cos®0) (wia,)? (22)

Check your result of part (e) by integrating over solid angle and comparing with part

(c)-

Now we will study the polarization of the light. (These questions do not require
calculation).

(i) If the emitted light is observed along z axis, what is the polarization of the
radiated light? Explain physically.

(ii) If the emitted light is observed along the y axis, what is the polarization of the
radiated light? Explain physically.

(iii) If the emitted light is observed along the z axis, what is the polarization of the
light? Explain physically.

The power radiated along the z-axis is twice as large as the power radiated along the
x-axis. Explain this result physically.
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Problem 4. Radiation from a Phased Array

A current distribution consists of N identical souces. The k-th source is identical to the
first source except for a rigid translation by an amount Ry (kK = 1,2,...,N). The sources
oscillate at the same frequency but have different phases d,. That is

(a)

(b)

Jr < exp (—i(wt + %)) (23)

Show that the angular distribution of radiated power can be written as a product of
two factors: one is the angular distribution for N = 1; the other depends on R, and
0k, but not on the structure of the sources.

The planes of two square loops (each with sided length a) are centered on (and lie
perpendicular to) the z-axis at z = +a/2. The loop edges are parrallel to the z and y
coordinate axes. Find the angular distribution of power in the x — 2z plane if the current
at all points in both loops is I cos(wt). Make a polar plot of the angular distribution of
power for we/a = 2m and we/a < 1. Identify the multipole character of the radiation
in the limit wa/c < 1.

You should find

dP  I?a’w?
9= % (2sin(sin 0ka/2))? (2 cos(cos Oka/2))* (24)
The limit wa/c < 1 has a simple physical interpretation. Describe this interpretation
and show that it reproduces all aspects of the power distribution (including normal-
ization factors) in the limit wa/c < 1.

Repeat part (b) when the current in the upper loop is I coswt and the current in the
lower loop is —1I coswt.



Recliakian from e plosee) Areay

-
) rA = LC %_ (T,?o\

‘-\ﬁ)s_ c

()

The inteorokion oler the current s as ¢°\\ovbs A
4

e Yor eadh ef(e.\men{- we wriite

&Y om—
-2 BT - — ~
/ﬂ r, = R@-&- AC
Q / r)o /
‘ -
= Swlt-c+%) J1og
oea o) * JOor) = @ 3 < e
AN EADY o ' = 3
_‘3 7 (} (o¥%)
T \ [ §n e
ocvayn Yo Cewkef tn I \°°Q’ 8(9. St\uq
© CL&r‘re,\,\-‘.

og’ SQ\)\&M@ WE=v) > R S
- ’_ ‘LL.:)n. - _.\
(@ - )e < e ”)

-
—

(&P er/e ) () (ar)
[}

Se

~ -
IRRYIEIA) T DT /e
e < 7 \ e

- T
?04\!; = a Q(Ar) e
AV 1
oG AVE-SY. L P LTS .-
=lgn® (& ﬂg)mlb gP g
LT J/ﬂ)‘

i




leokseca Arf‘aﬂ Pal

\go \-o\,\d\r\oc\) the Po‘\_’mxin% p\ux | we  howe

RS

T
aP__r¢ | nix n ox 1A 1
A | ¢ ot
=
E pod
X W ('E"’ric\) . -
We  have Snce e s oun _ icrelemmt

overall ‘P hog e

2

— , -~ I
—{wnN B8], \L \

?_\E — \"}w (? Ox O (\(Ar)e
dn  <¢® |\ 4T J \
o'
) \ S Q-Lgm —Lwﬁ\-go_lq ‘l
‘ \ 2




Pkusﬁé A(‘Vaﬂ 3

e ——————

L) —E} - wo rk O\A}t e ?Q\Ocr '?rém

e Q_[r‘% we MuS t boe.r'\: ' ow‘\‘

g, int 68 o)

~J _‘Lw(\lbrlc =
cA =\ (e e  cai)
4
'CrOW\ o~ S'\ng‘\t Saware \ocp . ka{nq
Y v RN “ ' @) .
DN in  the X 2 ?\mne N = (s'meloloase) aS veqbuu\reol

bs ‘Hn& ?roﬁ\em S'\'OJ\QJVV\GJV\JF

%D wew = 1-5% \).\C,\Q
=
/\ /“ 7 \—- X £
L 1~/ G RO
>
)

Le)rs woerk  suk  Hee p\smsa ;Cov- cacln oF dhe gowf

leas
(@)

RN -~
—LU)T\'AY/C o JRY
@ € LS with AT = (X —a 0)
Vi L’
v - AT [e W SIn® X
e = e

@ Them the Phoese In '(683 s also

e = e




P\'\ ased A“Y‘O-}JL Pib\

Sn e *twe phosSe s e  Save  bud aAle  carreant

1S Sp ?Qs'\\e

\ N\ N\
L _twonbdrle A
\ Bar & ) ((}CAH =0

\J®@

Fov \835 @1 oond ® we _ hewe wit W Fr,*—(g._
. 2

-

=
@ e :

= o

,Anek for © Bt °© (~ol 3 o)
) h ldl
"L\AWA\'A“—I.
@ e < . e.\(iy_os'\ne o-/y
PTG SRR
/AN s
A
= | o 2isn '(o:s_s'm60~3 ™
C +
>
rA = L T o sinlwsweal) &
‘ I < ) n>/ )
ZAY
=
we. need e

Rx D ¥ (rA)‘) = “FA.' + R (n-.(‘A.")




P\'\&Sedq A rrov:j pc('j— ° S

—

la  comp le the power we hawe
L

7l

2/ . s 1o -
APy W <1£ Sin ((,35\090.)\} Z ¢ &
. IR R o~
2

R c?

> [}
(A AR \z
z
l

.
NG

st ructure Ce.. ctov

gQ we ‘f)ave, ta work Dud the struwcture Q&c{-ar?

S.F, = \‘6 < C S - 2 Q\— (0,0/%) — por's;\‘: w
> — N L centers
- KZT—(O,O/'&/L)G

\ 2 cos (cos® ko) ™

S“z S?_'-" O é— E\")QS&S
g s +the '(:u\\ resu\d 1S

I~ —

l 5\\) - Ij o’ ! ( 2 s\n (S\h@ E‘Llu\ \z ( 2 cos (cos® kmlzyxz

Fe—

A S, \Cn*c?

For ko <4 nve  Secend  facler 3¢ Y b

t\~e Q\rs\f Cuc‘vor [ Q?awéid

l ’
AP - Ic)()" Wit Y a8 A cN> - 4

A LT Ne / AP A0

AP =(2 L /e o® ) L Sinfe ! \ /\\ \
AR \C2ce 4‘_’\) N/

( thie 18 He cmtm oo magnelic dipdle radiokien

Y —_— .
USERAN ‘(VY\ =11 o) Wik the 2 because  there

C Ooxe  twe  antennecg




P\na.éacb Amltﬁ P%' G

/

c) I 4 S'\%n ot the

‘owe,r Curvent (s gligfeJ
then  the @ Sirwchture chckar clheung e
e F - \ e..[L_o cotelz VW o5 O ol \7-
= (2 sin (cos® u)g-)yz S\=0,%,=
¥ 2C Y N o
R;}Rz Savne
And
OJQ_EL - :&1w1 (QS'\G (S'\n@ kcva.\)z (Z'Sin (cos @ kou/l))
a i \CH e
For 5ol cree,\wmc\j we Q'mé Ma%ndic'. 'C()\m,w\rv\ (?o\e,
CoAiakidwn:
Z
A e (LY wan® s\n%g e
-——\c '/ z_)
o\& lew -
O¢




Bole pa. 4
@\ To check  4iis

resuld W ntea Y‘CJ' A8 oVEf
52
p— T i ‘
D- e (wre) |49 (2 -se6)
A | |
\ < - L 1
'tV&\\Aofk‘\no\ I ° '\-

Xz CoS@
J_
\
= Q.TQ Ax (% 3)
= |
T= 2ar (2 42 ) = «§
3 >
Se ’\3 = glé (\w;\)‘a{)slo @
VT &3 5y 2
P = (_3} f\uJZ' O, T' Which  aare€s  with

0
CT L2 ﬁ' -Crom ?0&\' 15




%o‘r\r Py 4 VL

— —~
W hea the ?o\ariZQ}f(OA s recorded (ow Q,

>
-
EMO.\ = ¢ N XN X a(k) = e_ [ (tﬂ
YN rd YYrc _L ¢
Where
/ -wwi
b = —loe & e ( w )
U J
4

/

>
> <+ "\W){ . IS
© OY\ the X axRS/ OL.._‘. = ~W o €& c (\\5 , So
= points  en +he Y = auxis
- - R - WDt e
¢ Ov\ 'jflf\e, q - aX\S &= -WwW o € (X))
@) J Y ¢] (4 N -
A .
L) the. ?olmr’\?w\'io\/\ \))o(\n‘l"s avn __the X oxlS
. s Swt
e On the Z-0vis o X e (R h’u}\
A}
Lt\)»\‘\cl\'\ -\.5 C-\m\N\O\r" [ \ .
ke Awectign of f"'cl'iot

P —————
~

Re O = (Cos wt ) X + (sinwt) Y = fig\\Jc drculor”




Bebr oS

1)

One Cawn U\Y\AQFS \;mm (1 CAO(C m\w Motion

0S O 5U\3€r~ ?os‘\\iovw ot an X - or'\ev\%ecl

cﬁ'\()o\c ou/w)x W - ocCe vx&eﬂl_ O\i‘pOlQ./ qo° out

O‘t ?\no«SQ. . Ow '\}\p, x —oxis only e

J ,
Cadiotion (\rom the U\u"O“'\&h"'ﬁj

Z d'\{gole, contcibutes os _the

\ ¥ - g riend ol Ol.'\\oo\/e, 1S

\ {z)aﬁw\\e\ o dhe oLSeYVoJ'\o‘r\,
\ 9 direcyion  (on l:,) Trensverse
\.,/ Currenys  conterbute 1o the

. %‘_, e Cadiodian ) o On dhe % -oxis
a botl,  3le  x-srienled dipole +
4 dhe.  U-s ciented  dipole  covdghy

lo dhe.  radiadion feld.

TL@ "\'u.)o 0{ .Llpolf,g O\O\O\ INCOo [")erud‘ [j .




Problem 5. A Charged Rotor: Zangwill

Two identical point charges of charge ¢ are fixed to the ends of a rod of length 2¢ which
rotates with constant angular velocity of %w in the  — y plane about an axis perpendicular
to the rod and through its center

(a) Calculate the electrid dipole moment p(t). Is there electric dipole radiation?
(b) Calculate the magnetic dipole moment m(t). Is there magnetic dipole radiation?

(c) Show that the electric quadruple moment is

% + coswt sin wt 0
Q(t) = 3¢ sinwt & — coswt 02 (25)
0 0 -3

(d) Show that the time averaged angular distribution of radiated power is

dP

dS) - 12872¢5

Wl (1 — cos* 0) . (26)
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Problem 6. Basics of Relativity

(a)

(c)

(Optional) The space time event at X* = (X° X') = (ct,z) happens at X* =
(X% X" = (ct,z) according to an observer moving to the right along the z axis with
velocity v. Define the “light-cone” coordinates 7 = X°4+ X! and 2= = X°— X', Show
that under this boost that the 21 coordinates are contracted, while the 2~ coordinates
are elongated

T =e VT = 1 _T_ g:ﬁ, (27)
- =eVs = 1 i_ gx . (28)

Here
y=tanh '3 = %log <%> (29)

is the so-called “rapidity” of the boost. What is "2~ and why is it unchanged under
boost?

(Optional) A Lorentz tensor transforms as
T = [ LY TP (30)

Show that the transformation rule can be alternatively written

T, = (L), 17, (L7, (31)
or equivalently
(Optional) The frequency and wave number of a plane wave of light, e~ witik@ — gik-X
form a lightlike four vector
K* = (f, k;) (33)
c

(i) Show that K - K = K, K* = 0 (this is the statement that K is lightlike.)

(ii) If a photon has frequency w, and is propagating along the z-axis, show (using
the 4-vector properties of K*) that according to an observer propagating in the
negative z direction with speeed [

w:H%wo (34)

(d) (Optional) Show that the four velocity U* = dz*/dr satisfies U, U* = —c?.



e) (Optional) For a particle with four momentum P* = (£, p) = mU* show that P,P* =
c 1
—(mc?*)?/c?. This determines E(p) the relation between energy and momentum:

E
_(CP) = /p?+ (me)?. (35)
(i) Show the velocity of the particle (i.e. the group velocity) is

_0E(p) _p

(f) (Do me! Not optional) A particle with velocity v, in the x direction. Using the 4-
vector transformation properties of U*, show that according to an observer moving to
the right with velocity v, the particle moves with velocity

vy — v

= 37
O 1 —vyv/c? (37)
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Problem 7. One liners

(a) Starting from the Maxwell equations for F*¥ and the definition of F'**, derive the wave

equation —[JA* = J#/c.

(b) Starting from the maxwell equations for F*” in covariant form, show that we must

have 0, J# = 0 for consistency.

(¢) (This is two lines) Show that the energy conserivation and force laws

can be written covariantly
dpP .
— = F"u,/c

dr

Note that E, (the energy of the particle) is different from E the electric field.

(d) From Eq. (40) show that P, P* is constant in time.

(e) Show that F,, = J,A, — 0,A, is invariant under the gauge transform
A, — A+ 0,AX)

where A is an arbitrary function of X = (¢, 7).

(38)

(39)

(40)

(41)

(f) Given F* the only two Lorentz invariant quantities are F,, F* and F,, F*. Evaluate

these two invariants in terms of E and B!

1answers: 2(B%? — E?) and —4E - B
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