
Schrödinger redeux

� The background: if de Broglie's proposition that matter haswave-like properties is correct,

there must be a wave equation. Schrödinger comes up with one in January 1926, and by May

1926 he realizes its equivalence with the matrix approach Werner Heisenberg had come up

with in late 1925.

� Recall that we had the time-independent 1D Schrödinger equation (Serway Eq. 6.13):

�
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and the time-dependent version (Serway Eq. 6.10):
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� But what's waving? And how do we �gure out the value ofA in  = A sin( n�x
L ) in our

solution for the in�nite-walled square well of lengthL ?

– p. 1/20



Well: : : Try it anyway

� Before we �gure out what's waving, let's just try it out.

� Free particle; 1D; no potential energy; ignore time dependance. Like Serway Sec. 6.2:
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p

2mE= ~) giving (Krane Eqs. 5.12-5.16):
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so it works withA = 1 !
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Particle in a box

� Like Serway Sec. 6.4. LetU(x) = 0 for 0 � x � L andU ! 1 elsewhere.

� Looking at Eq. 1, we would have to haveE ! 1 to produce a wave that could satisfy

� ~2

2m
@2  
@x2

+ U = E . Therefore = 0 outside of box.

� Wave should be continuous, so it must be zero at the boundariesx = 0 andx = L . A sine

function does this atx = 0 , and also atx = L if we requirekL = n� . We therefore guess

that the solution is = A sin

�

n�x
L

�

� Inside the box withU = 0 we have
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Putting this in the Schrödinger equation gives
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A sin(
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) = E A sin(
n�x

L
)

so it works, and we have discrete energy statesEn = ~2 � 2

2mL 2 n2 .
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So: : : What's waving?

� So we can solve for in a simple example (and

we'll soon do less simple examples).

� We can get the energies of quantum states.

� But what's waving? And how do we �gure out the

value ofA in  = A sin( n�x
L )?

� Again, think of what

Heisenberg wrote to Wolfgang Pauli in 1926:

The more I think about the physical

portion of Schrödinger's theory, the

more repulsive I �nd it: : : What

Schrödinger writes about the

visualizability of his theory `is probably

not quite right'; in other words, it's crap.

Werner Heisenberg

Erwin Schrödinger
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What's waving?

� We have a wave equation. What's waving? We will consider the hydrogen atom a few lectures

for now. Suf�ce it to say that what we get are the orbitals you have probably already seen

glimpses of.

� But that means the electron is really smeared out? Not consistent with small classical radius

or other electromagnetic phenomena.

� So does the wave equation describe the particle, or something about the particle?
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Return to electron waves

8 quanta 270

2,000 60,000

From A. Tonomura,Electron Holography(Springer-Verlag, 1993), p. 14.
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The Born/Copenhagen interpretation

� See Serway Sec. 6.1. The most commonly accepted

interpretation arose from the work of Max Born, and also

discussions in Niels Bohr's institute in Copenhagen.

� Matter waves describe not the particle, but its probability

amplitude.

�  y  = j j2 represents the probability. Therefore we realize

that

R

j  j2 should be normalized to 1.

� Return now to our solution of = A sin( n�x
L ) for the

in�nite-walled square well of lengthL . We require

Z L

0
jA sin(

n�x
L

)j2 dx = A 2
Z L

0
sin2 (

n�x
L

) dx = 1

The integral can be done in Maple:

int((sin(n * pi * x/L)ˆ2),x=0..L);

which givesL=2 soA =

p

2=L (see Krane Eq. 5.26).

Max Born (1882–

1970; Nobel Prize

1954)
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In�nite box solutions

Krane Fig. 5.5:
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In�nite box in 2D

� Square box of dimensionL on each side. Assume solution is separable: (x; y ) = f (x)g(y).

� Trial wavefunction is (Krane Eq. 5.32):

 (x; y ) = A 0sin(
nx �x

L
) sin(

ny �y
L

)

We will need the derivatives:
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De�ne

B � sin(
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L
) sin(

ny �y
L

)
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More on box in 2D

� With B de�ned as on the previous slide, the Schrödinger equation reads

�
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+ 0 = EA 0B

A 0 ~2
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y )

� 2
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so Schrödinger is satis�ed only whenE = ~2 � 2

2mL 2 (n2
x + n2

y ).

� Normalization

R L
0 dy

R L
0 dx A 0sin( n x �x

L ) sin( n y �
L ) = 1 givesA 0 = 2 =L
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2D box solutions

Krane Fig. 5.7:

Krane Fig. 5.8:
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Degenerate solutions

Krane Fig. 5.9, where(72 + 1 2 ) = (5 2 + 5 2 ):
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The Don

Don Eigler's quantum corral:
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The harmonic oscillator

� The harmonic oscillator (Serway Sec. 6.6) is the simplest system with a restoring force to an

equilibrium position:F = � kx . The potential isU = (1 =2)kx 2 , and the maximum

excursion from equilibrium is when all the energyE is in the potential energyU, or

xextremum= �

p

2E=k .

� You will learn in Physics 306 that you can solve many problemsin quantum mechanics using

�rst order perturbation theory. This involves treating thepotential as something you can solve

exactly plus the �rst order deviation (like the next term in aTaylor's series), in which case you

can calculate the �rst order correction to the exact wave function and energy solutions.

� So the harmonic oscillator is an important problem to solve!
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Harmonic oscillator I

� Potential isU = 1
2 kx 2 . Solution must approach zero asx ! �1 , so let's try

 (x) = A exp[� ax2 ] as a �rst, most basic solution (see Krane Sec. 5.5).

� We'll need the second derivative of :

d
dx

d
dx

(A exp[� ax2 ]) =
d

dx
� 2ax (A exp[� ax2 ])

= � 2a (A exp[� ax2 ]) + ( � 2ax)( � 2ax)( A exp[� ax2 ])

= (4 ax2 � 2a)( A exp[� ax2 ])

� Therfore Schrödinger says

�
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+ U = E 

�
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1
2

kx 2 (A exp[� ax2 ]) = E (A exp[� ax2 ])
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Harmonic oscillator II

Again,

E =
a~2

m
+

�

1
2

k �
2a2~2

m

�

x2

This must be valid foranyx. The only way we can do that is to have

�

1
2k � 2a2~2

m

�

= 0 giving

a =

p
km
2~

for thex2 term. With thex2 term always zeroed out, we have

E =
a~2

m
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p
km ~2

2~m
=
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m

after using thex2 term solution fora. If we de�ne ! �

p

k=m as in the classical solution, we have

E =
1
2

~!:
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Harmonic oscillator III

� Again, classically the maximum excursion from equilibriumis xextremum= �
p

2E=k .

Plug in our energy solution ofE = 1
2~

q

k
m :

xclassical extremum= �

v
u

u
t

~

q

k
m

k
= �

s

~
p

km

In other words, the classical result con�nes the particle within a de�nite boundary. The

quantum mechanical solution

 = A exp[�

p
km

2~
x2 ]

does not! In fact, if we plug in classical extremum we have

 (xclassical extremum)

 (x = 0)
=

A exp[�
p

km
2~

~p
km

]

A
= exp[ � 1=2]

so the probability is down byj j2 = exp[ � 1] = 0 :37 relative to the probability of being in

the center.
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Harmonic oscillator IV

There are other solutions beyond

 = A exp[�

p
km

2~
x2 ]

If we write the Schrödinger equation as

�
~2

2m
d2  
dx2

+
1
2

kx 2  = E 

we can make some substitutions:� �

p

m!= ~, � � �x , � (� ) �  (x), and

� � 2E=(~! ). With these substitutions, the derivative becomes

d

dx

d

dx
 (x) =

d

d�

d

d�
� (� )

�

d�

dx

� 2

= � 2 d� (� )2

d� 2

and the Schrödinger equation becomes

�
d2 � (� )

d� 2
+ � 2 � (� ) = � � (� )
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Harmonic oscillator V

� The equation

�
d2 � (� )

d� 2
+ � 2 � (� ) = � � (� )

is known in the differential equations literature as Weber's equation. The solutions that satisfy

j j ! 0 asx ! �1 are� (� ) = H (� ) exp[ � � 2=2] with H (� ) being polynomials, as you

will learn in PHY 306.

� The �rst few polynomial solutions are

H 0 = 1 ; H 1 = 2 �; H 2 = 4 � 2 � 2; H 3 = 8 � 3 � 12�;

� TheH 0 result is what we already found!

� If we were to plug back into Schrödinger we would �nd energy solutions of

E = ~! (n +
1
2

) with n = 0 ; 1; 2; : : :

� What does this say about motion at zero temperature?
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Harmonic oscillator solutions

Krane Fig. 5.11:
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