
Can we pin waves down?

� Consider a wave as shown below:

� The way we can determine the wavelength is to count wave peaksover a given interval. But

where exactly does the wave turn on and off?

� A very short wave:� x ' � . Also, the error in determining the wavelength is� � ' � . The

product is� x � � ' � 2 .

� A very long wave:� x ' N� . Error in determining the wavelength is� � ' �=N . The

product again is� x � � ' � 2 .
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Pinning waves down

� Again, � x � � ' � 2 .

� Now k = 2 �=� sodk = � 2�=� 2 d� or � � = � 2=(2� ) � k. Thus

� x � � ' � 2

� x
� 2

2�
� k = � 2

� x � k ' 2�

� Now DeBroglie gives� = h=p or p = hk=2� . Thus� p = ~� k or � k = � p=~ and

putting this into� x � k ' 2� gives� x � p ' h which is the famous Heisenberg

uncertainty relationship.
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Uncertainty and slits

� Consider the act of trying to measure thex̂ momentum of a particle passing through a de�ned

position� x:

Dx

q

z

vx

vz

� Because the particle is wavelike in its properties, it will be diffracted by the slit with a

semi-angle� of sin � = �= � x.

� If the particle had a velocityvz , we will now have an uncertainty in thêx velocity of

� px = pz sin � =
h
�

�
� x

=
h

� x

giving � px � x = h
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Energy uncertainty

� Our relationship� px � x = h was for the full slit width and the semi-opening angle. We can

usually estimate the centroid a bit more accurately, so thisis usually written as� x � px ' ~

(Krane Eq. 4.7)

� Return to counting wave crests, but now in a time interval� t .

� If the wave has a periodT , we can only countN = � t=T waves.

� Therefore we can really only specify the period to plus or minus a wave, or� T = T=N .

� The product is� T � t ' (T=N )( NT ) ' T 2 .

� Substituting! = 2 �=T gives� ! = 2 �=T 2 � T or

� T � t ' T 2

� !
T 2

2�
� t ' T 2

� ! � t ' 2�

� Since� E = ~ � ! we then get� E � t ' h. Again we can pin the centroid down a bit more

so the convention is to say� E � t ' ~ (Krane Eq. 4.8)
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Consequences of uncertainty

� If an excited state has a lifetime of� t , we can de�ne the energy of its transition only as well

as� E = ~=� t . Short-lifetime states have broad energy distributions; long-lifetime states

have well-de�ned energy distributions.

� If we were to imagine that we could predict the classical futureof the universe by measuring

the position and momentum of all particles and then using Newtonian mechanics to track

them forward, we cannot do this in quantum mechanics.

� In fact we can't even do it in classical mechanics. There are agreat number of situations

where a small change in initial conditions produces nonlinear changes in outcomes. These

situations arechaotic, and they exist in classical mechanics.
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Meanwhile: : :

� de Broglie's PhD thesis is getting noticed. Hector-Lois

Langevin passes a copy to Victor Henri with the suggestion

that it go to Erwin Schrödinger in Zurich.

� Henri did not understand de Broglie's thesis, but gave it to

Schrödinger. After two weeks, Schrödinger returned it, saying

“That's rubbish!”

� Langevin hears of this, and tells Henri "I think that Schrödinger

is wrong; he must look at it again."

� Peter Debye, head of the Zurich institute, asks Schrödingerto

lead a discussion of de Broglie's thesis. Now that he is forced

to look at it more carefully, he becomes enthusiastic.

� Debye remarks that if anything is ever going to come of it

someone would need to write down a wave equation for matter,

but how can that be?

Erwin Schrödinger

(1887–1961; Nobel

Prize 1933)
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Complex algebra for wave equations

� Let  = Ae i' . A represents the magnitude, and' represents the phase. Euler's equation:

Ae i' = A(cos ' + i sin ' )

� Intensity isj j2 =  y  = A 2

� Phase lets us keep track of whether we're at the max, zero, or min of the wave�eld.

Look at the movie.
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Schrödinger's approach

� Schrödinger took two things along to the Alps over his Christmas holiday in 1925: his

mistress, and thoughts of matter wave equations. By the timehe returned to Zurich in January

1926, he had a solution.

� Particles travel in straight lines so we expect matter to have a plane wave solution:

 (x; t ) =  0e� i (~k � ~x � !t ) :(1)

� If we take@2=@x2 we obtain

@2  
@x2

=  0ei!t (� ik )2e� ikx = � k2  0e� i (kx � !t ) = � k2  :(2)

� Now k � 2�=� is intrinsic to our choice of a plane wave solution. However,from de Broglie

we have� = h=p. Therefore,

k2 =
�

2�
�

� 2

= p2~2 :(3)
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Schrödinger's approach II

� Note thatp2=(2m) describes the kinetic energy of a nonrelativistic particle; we will denote

kinetic energy as being the total energyE minus the potential energyU. We therefore have

k2 =
2m
~2

p2

2m
=

2m
~2

(E � U):(4)

� Inserting this into Eq. 2, we have (Krane Eq. 5.3)

@2  

@x2
= � k2  = �

2m

~2
(E � U) or �

~2

2m

@2  

@x2
+ U = E (5)

as the nonrelativistic, time-independent equation for a particle wave.
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Schrödinger's approach III

� Again, Eq. 5 gives

�
~2

2m
@2  
@x2

+ U = E :

� Time derivative of the plane wave solution is

@ 
@t

=  0e� ikx (i! )
@
@t

ei!t = ( i! ) :(6)

Multiplying both sides by� i ~ gives

� i ~
@ 
@t

= ~! = E ;(7)

where we have assumedE = ~! for the energy of matter waves just as with photons.

� Now rewrite Eq. 5 as

� ~2

2m
@2  
@x2

+ U = � i ~
@ 
@t

:(8)

: : : and break out singing Handel's Halelujah Chorus!
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But what's waving?

� We have a wave equation. What's waving? We will consider the hydrogen atom a few lectures

for now. Suf�ce it to say that what we get are the orbitals you have probably already seen

glimpses of.

� But that means the electron is really smeared out? Not consistent with small classical radius

or other electromagnetic phenomena.

� So does the wave equation describe the particle, or something about the particle?
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So: : : What's waving?

� So we can solve for in a simple example (and

we'll soon do less simple examples).

� We can get the energies of quantum states.

� But what's waving? And how do we �gure out the

value ofA in  = A sin( n�x
L )?

� Again, think of what

Heisenberg wrote to Wolfgang Pauli in 1926:

The more I think about the physical

portion of Schrödinger's theory, the

more repulsive I �nd it: : : What

Schrödinger writes about the

visualizability of his theory `is probably

not quite right'; in other words, it's crap.
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What's waving?

� We have a wave equation. What's waving? We will consider the hydrogen atom a few lectures

for now. Suf�ce it to say that what we get are the orbitals you have probably already seen

glimpses of.

� But that means the electron is really smeared out? Not consistent with small classical radius

or other electromagnetic phenomena.

� So does the wave equation describe the particle, or something about the particle?
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The Born/Copenhagen interpretation

� See Serway Sec. 6.1. The most commonly accepted

interpretation arose from the work of Max Born, and also

discussions in Niels Bohr's institute in Copenhagen.

� Matter waves describe not the particle, but its probability

amplitude.

�  y  = j j2 represents the probability. Therefore we realize

that
R

j j2 should be normalized to 1.

� Return now to our solution of = A sin( n�x
L ) for the

in�nite-walled square well of lengthL . We require

Z L

0
jA sin(

n�x
L

)j2 dx = A 2
Z L

0
sin2 (

n�x
L

) dx = 1

The integral can be done in Maple:

int((sin(n * pi * x/L)ˆ2),x=0..L);

which givesL=2 soA =
p

2=L (see Krane Eq. 5.26).

Max Born (1882–

1970; Nobel Prize

1954)
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Collapsing wavefunctions

� What difference does it make when we make a measurement and determinej j2?

� It's the same difference as in optics, where we use a complex number

Eei� = E (cos � + i sin � ) to represent the optical �eld. The real part Re[Eei� ] = E cos�

represents the electric �eldE , and the square y  = ( Ee� i� )Eei� = E 2 represents the

intensity.

� We have a great analogy with quantum mechanics:

Optics Quantum mechanics

Wave�eld E (x; y )ei� ( x;y ) $ Probability amplitude (x; y )

IntensityE 2 (x; y ) $ Probabilityj (x; y )j2
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Collapsing wavefunctions II

� Let's do two experiments (I did these on a computer).

� Experiment 1: we have two slits of 5� m width separated by 5� m, illuminated by a coherent

plane wave with� = 500 nm. Consider two downstream planes: one is 0.4 mm from the slit,

and the second plane is 0.4 mm farther downstream. These distances are not in the far �eld, so

the pattern is a bit different than what you're used to seeingfor Fraunhofer diffraction (we use

Fresnel diffraction to calculate the pattern).

� Experiment 2 is similar to the above except we measure intensities at the middle plane. That

is, we measure the intensity of each photon at each position,or E (x; y )2 . We cannot directly

measure the phase, so all we can do to continue the experimentto the next plane is

subsequently put out a photon with a magnitude of
p

E 2 and some �xed phase (let's set it to

zero). Of course one such experiment would give us a single slit pattern at the next plane; but

if we were to add up the experiments for all the photons we would just propagate a wave�eld

from the middle plane made up not ofE (x; y )ei� ( x;y ) , but of
p

E 2(x; y )ei � 0 .

– p. 16/20



Collapsing wavefunctions III

� Here'sexperiment 1:

� Here'sexperiment 2:

� The result at the downstream plane isdifferentbecause we went fromEei� to
p

E 2ei � 0 at the

middle plane; we went from to
p

j j2 !!!
– p. 17/20



Collapsing wavefunctions IV

� Now let's repeat the experiment but put a piece of glass (shown here in grey) in just after the

middle plane, so that it shifts the phase in the grey area by�= 2:
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Collapsing wavefunctions V

� Here'sexperiment 1with the glass after the middle plane:

� Here'sexperiment 2with the glass after the middle plane:

� Again, going from to
p

j j2 makes a measureable difference!
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Return to electron waves

8 quanta 270

2,000 60,000

From A. Tonomura,Electron Holography(Springer-Verlag, 1993), p. 14.
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